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3STRACT 

: nearly 50 years, effluents from pulp and paper mills have 
sn known to be toxic to fish and other aquatic animals. Lethal 
icentrations have been determined for several species of fish 
i other organisms. Many factors — such as water temperature, 

5 of fish, and additional stresses — affect the ability of fish 
withstand pollution. Kraft mill wastes are generally more 
tic than sulfite wastes. The high biological oxygen demand of 
Lfite wastes is often more serious than the chemical toxicity 
the effluents. Studies on the effect of kraft effluents on 
vertebrates show that none of them are more sensitive than 
venile salmonids and some species are more resistant. Fish 
jitat may also be affected by mill stack emissions. High 
icentrations of sulfur dioxide may damage or kill trees and 
ler vegetation. The effect of logging camps on fish habitat 
largely unknown. 

rwORDS: Pulp/paper industry, toxic effects (biocide) , wood 

ites, fish habitat, water quality. 
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PREFACE 


This is one of a series of publications suniinarizing knowledge 
about the influences of forest and rangeland management on anadromous 
fish habitat in the Western United States. This paper addresses the 
effects of processing mills and camps on anadromous fish habitat. 

Our intent is to provide managers and users of the forests and 
rangelands of the Western United States with the most complete 
information available for estimating the consequences of various 
management alternatives. 

In this series of papers, we summarize published and unpublished 
reports and data as well as observations of resource scientists and 
managers. These compilations should be valuable to resource managers 
in planning uses of forest and rangeland resources, and to scientists 
in planning future research. The extensive lists of references serve 
as a bibliography on forest and rangeland resources and their uses. 

Previous publications in this series include: 

1. "Habitat requirements of anadromous salmonids," 
by D. W. Reiser and T. C. Bjornn. 

2. "Impacts of natural events," by Douglas N. Swanston. 

"Planning forest roads to protect salmonid habitat," 
by Carlton S. Yee and Terry D. Roelofs. 
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COMMON AND SCIENTIFIC NAMES OF TROUTS. FAMILY SALMONIDAE-' 


Common name 

Scientific name 

Pink salmon 

Oncorhynchus gor^buseha (Walbaum) 

Chum salmon 

(Mcovhynchus keta (Walbaum) 

Coho salmon 

Oncorhynchus kisutch (Walbaum) 

Sockeye salmon (kokanee) 

Oncorhynchus nerha (Walbaum) 

Chinook salmon 

Oncorhynchus tshawytscha (Walbaum) 

Cutthroat trout 

Sdlmo clarki Richardson 

Rainbow (steelhead) trout 

Salmo gairdneri Richardson 

Atlantic salmon 

SaVno solar Linnaeus 

Brown trout 

SoTmo trutta Linnaeus 

Arctic char 

Salvelinus alpinus (Linnaeus) 

Brook trout 

SalveZinus. fontinalis (Mitchill) 

Dolly Varden 

Salvelinus malma (Walbaum) 

Lake trout 

Salvelinus namaycush (walbaum) 


From "A List of Common and Scientific Names of Fishes from the 
United States and Canada," American Fisheries Society Special 
Publication No. 6, Third Edition, 1970, 150 p. 




INTRODUCTION 

Many pulp and paper mills 
in North America are either on 
or near tidal estuaries or on 
rivers adjacent to estuaries. 

The anadromous fish that migrate 
through these estuaries and 
rivers are valuable for cc«nmer- 
cial and sport fishing. In- 
evitably some of these fish 
contact mill effluents at some 
concentration . 

For nearly 50 years, we 
have known that effluents from 
pulp and paper mills may be 
toxic to fish and other aquatic 
animals. Effluents from both 
kraft and sulfite mills are 
complex mixtures that differ 
greatly in toxicity, depending 
on many factors. The toxicity 
of mill effluents results from 
the combined activity of a 
number of chemicals, some of 
which have not been completely 
identified. In addition to 
acute toxicity, pulp and paper 
mill effluents may be harmful 
to fish and other aquatic 
animals because of their bio- 
logical oxygen demand. High 
concentrations of wood sugars 


in mill wastes require oxygen 
during decomposition; hence, as 
the sugars are stabilized, 
dissolved oxygen in the re- 
ceiving water is rapidly de- 
pleted. Dissolved oxygen is 
required by all aquatic animals 
except anaerobic bacteria. 

The difficulty of sepa- 
rating effects of chemical 
toxicity from effects of bio- 
logical oxygen demand, and the 
inability to identify the 
chemical constituents of ef- 
fluents, have canplicated 
pollution evaluation studies in 
the past. The recent develop- 
ment and testing of reproducible 
bioassay procedures has dramat- 
ically changed this situation. 
Simple, accurate, and sensitive 
biological assessments are now 
possible (Walden 1976). 

The acute toxicity of 
various pulp and paper mill 
effluents is often quite low. 
Despite their low toxicity, 
pulp and paper discharges may 
have a high impact on receiving 
waters because of the tremen- 
dous volumes discharged. 

Considerable technological 
progress in the past decade has 
reduced harmful effluents. 

Modern mills that meet Federal 
and State requirements for 
pollution abatement differ 
substantially from the mills 
that operated 20 or 30 years 
ago . 

Many of the logging camps 
in Alaska and British Columbia 
are closely associated with 
pulp and paper mills because 
much of the harvested timber 
goes to the mills. Because of 
this close association, a 
discussion of camps and their 
potential effects on anadromous 
fish habitat is included in 
this paper. 
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PROCESSING MILLS 

TOXICITY OF EFFLUENTS 


The toxicity of effluents 
from pulp and paper mills has 
been studied for many years. 

Some of this work was on the 
effects of pulp effluents on 
salmonid fishes (Dimick and 
Haydu 1952, Lasater 1953, 
Williams et al . 1953, Alderdice 
and Brett 1957, Van Horn 1958, 
Waldichuk 1960, Howard and 
Walden 1965, Servizi et al . 

1968). 

A general review of the 
environmental effects of pulp 
and paper wastes has been 
prepared by Marier (1973), Van 
Horn (1961, 1971) reviewed the 
pulp and paper industry as it 
affects aquatic biology. Walden 
(1976) published an excellent 
review on the toxicity of ef- 
fluents from pulp and paper 
mills. 


Erriuents rrom ooun Krart 
and sulfite mills are complex 
mixtures that differ greatly in 
toxicity depending on many fac- 
tors. Because all chemical 
constituents have not been iden- 
tified, the effects must be 
assessed biologically. Several 
species of fish and many other 
aquatic organisms have been usee 
for test purposes (Dimick and 
Haydu 1952, Lasater 1953). 
Laboratory bioassays have been 
used to predict toxicity under 
conditions in natural ecosystems 
The definition of reproducible 
bioassay procedures has been an 
important step in making bio- 
assays useful (Walden 1976). 
Simple, accurate, and sensitive 
bioassays are now possible. Dat 
are converted into toxic units, 
which may be compared directly, 
even though bioassay procedures 
may vary. Maximum accuracy is 
achieved with 50 percent fish 
survival. Most toxicity tests 
require at least 24 hours' ex- 
posure time (Walden 1976). 

For pulpmill effluents, 
chemical assays are not feasible 
Some toxicants have not yet beer 
identified; consequently, they 
cannot be assayed chemically. 
Chemical assays would only be 
useful if they could be corre- 
lated with biological responses. 

Because of the low con- 
centration of toxicants in 
effluents from pulp and paper 
mills, large amounts of effluent 
must be used in solutions to be 
bioassayed. The high biological 
oxygen demand of these solutions 
requires oxygenation to maintair 
fish respiration during the test 
(Walden 1976). 
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EFFLUENTS OF KRAFT MILLS 

Reported toxicity of kraft 
wastes to fish dates back to the 
work of Ebeling (1931) in Sweden. 
Many workers since then have 
confirmed that concentrations of 
kraft mill effluents needed to 
kill fish ranged from 10 to 100 
percent . 

The first studies with 
salmonids (Dimick and Haydu 1952) 
demonstrated that sodium hy- 
droxide, methyl mercaptan, 
sodium sulfide, and hydrogen 
sulfide were toxic (table 1 ). 

Seven pulpmills were mon- 
itored daily for 40 days to 
determine the amount and dur- 
ation of effluent toxicity. All 
sewers in the kraft mills 
contained toxic chemicals, and 
substantial daily variation in 
toxicity was common. Toxicity 
levels of effluents seldom 
remained constant more than 12 
hours and often varied more 
frequently (Howard and Walden 
1971) . 

Howard and Walden (1965) 
studied the toxicity of streams 
with kraf t-process effluents to 
guppies, Poecilia reticulata 
(Peters), and sockeye salmon in 
fresh water at neutral pH. As 
much as 75 percent of the 
mortality reported by previous 
authors was caused by an im- 
balance in pH, Fish acclimated 


to increasing concentrations of 
effluents in a few days. Test 
fish exposed to gradually in- 
creasing effluent could survive 
concentrations considerably 
higher than the values demon- 
strated as lethal in the bio- 
assays. Thus, concentration 
values related to various rates 
of mortality, such as LC 50 
(50 percent of the test animals 
are killed) , can be misleading. 
Length of exposure, other stresses 
on the fish, pH and temperature 
of the water, age of the fish, 
and many other factors can 
significantly affect pollution 
concentrations necessary to 
cause fish mortality. 

Effects of kraft effluents 
on invertebrates indicate that 
none are more sensitive than 
juvenile salmonids and some 
species are much more resistant 
(Walden 1976). 

SULFITE WASTES 

Williams et al . (1953) 
first demonstrated that sulfite 
waste liquids were acutely toxic 
to fish. Previous workers had 
difficulty demonstrating tox- 
icity, other than the effects of 
heavy oxygen demand. Kondo et 
al . (1973), working with neutral 
sulfite semichemical wastes, 
showed that they were about one- 
third as toxic as kraft wastes. 
Toxicity did not diminish in 
storage as it did with kraft 


Table 1 — Threshold concentrations (mg/1) of toxicants in kraft mill 
wastes lethal to salmonid fishes (after Dimick and Haydu 1952) 


Chemical 

Chinook salmon 

Coho salmon 

Cutthroat trout 

Hydrogen sulfide 

0.3 

0.7 

0.5 

Methyl mercaptan 

.5 

.7 

.9 

Sodium sulfide 

1.8 

1.3 

1.0 

Sodium hydroxide 

27 

11 

10 

Sodium carbonate 

58 

44 

33 

Sodium sulfate 

■■ 

10,000 

2,500 
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wastes. Holland et al . (1960) 
found no significant difference 
in toxicity in ammonia-base and 
calcium-base pulping liquors. 

The toxicity to fish of 
sulfite pulping wastes is well 
documented, although the diffi- 
culty in segregating toxic 
effects frcxn those of oxygen 
danand indicates the limited role 
toxicity alone plays in natural 
ecosystems (Walden 1976). 

Literature on the effects 
of sulfite wastes on organisms 
other than fish is scarce. The 
available evidence shows that 
bivalves are especially suscept- 
ible. Odlaug (1949) showed that 
concentrations as low as 100 parts 
per million of spent sulfite liquor 
reduced the pumping rate of Olympia 
oysters ( Ostrea lurida Carpenter) 
by 8 percent after immediate 
exposure. Complete cessation of 
pumping occurred after 15 days. 
Stein et al . (1959) showed that 
concentrations of ammonia-base, 
spent sulfite liquor greater 
than 55 parts per million af- 
fected spawning of oysters, but 
lower concentrations stimulated 
activity . Oysters appear to be 
more sensitive to spent sulfite 
wastes than any other species 
tested (Woel3ce 1967). 


SUBLETHAL EFFECTS OF PULPMILL 
EFFLUENTS 

Biologists have long recog- 
nized that concentrations ap- 
proaching lethal amounts of 
pollutants, as determined in 
bioassays, are not safe for 
survival and maintenance of fish 
stocks (Fry 1971). The results 
of bioassays are valueless and 
misleading unless they can be 
related to concentrations pro- 
ducing no harmful effects to the 
ecosystem. Stresses are cumu- 
lative, and any stress on an 
organism reduces its ability to 
withstand other stresses. 

The known sublethal effects 
of pulp and paper effluents are 
attributable to coniferous 
fibers, hydrogen sulfide, and 
nonvolatile soluble toxic sub- 
stances (Walden 1976). The last 
group is of major environmental 
concern. 

Walden and Howard (1968) 
described effects displayed by 
fish after exposure to lethal 
concentrations of kraft ef- 
fluent: loss of schooling, 
respiratory distress, abnormal 
gill movements, reluctance to 
eat, loss of equilibrium, con- 
vulsive coughing, excessive 
raucous production, and finally 
death. 

Jones et al . (1956) showed 
that sorae species of salmon 
avoided regions containing 
pulpmill waste. Chinook salmon 
were best able to avoid the 
waste, coho salmon were less 
able, and steelhead trout showed 
no noticeable reaction. In- 
consistent results were demon- 
strated in some other studies, 
such as those of Dimick et al . 
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(1957); salmon sometimes avoided 
concentrations that attracted 
other test fish. 

The ability of fish to swim 
is affected by pulpmill wastes 
(Howard 1973, 1975). Howard and 
Walden (1974) developed tech- 
niques to measure swimming; 
speed and stamina decreased 
after effluents reached a thresh- 
old concentration. 

Fish growth may be adversely 
affected by moderate to high 
concentrations of kraft mill 
effluents, but low concentra- 
tions stimulated growth (Webb 
and Brett 1972 ) . 

Schaumburg et al . (1967) 
studied the effects of sublethal 
concentrations of kraft effluent 
on fish respiration. They found 
that stressed fish reversed the 
flow of water past their gills; 
this was designated as "coughing." 
Coughing increased with increas- 
ing concentrations of effluents. 

Evidence of effects of 
sublethal concentrations of 
wastes from pulp and paper mills 
on organisms other than fish is 
not extensive. Available data 
indicate that the threshold at 
which sublethal concentrations 
affect invertebrates corresponds 
roughly to that affecting fish 
(Walden 1976). 



OXYGEN DEMAND 

High concentrations of wood 
sugars in sulfite wastes require 
oxygen during decomposition. 

The oxygen requirements for 
stabilization of the sugars 
result in a high biological 
oxygen demand which can result 
in rapid depletion of dissolved 
oxygen in the receiving water 
(Waldichuk 1960) . 

Kraft mill wastes also 
contain high concentrations of 
organic material , but not nearly 
as much as in sulfite liquor. 
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Walden (1976) stated tnac 
difficulties in segregating 
toxic effects from those caused 
by oxygen deniand emphasize the 
limited role toxicity plays in 
natural situations, compared to 
problems arising from potential 
oxygen depletion. Thus, the 
primary effect of sulfite wastes 
is apparently to increase bio- 
logical oxygen demand. 

The dissolved oxygen level 
required to sustain fish varies 
considerably, because it depends 
on other factors such as water 
temperature, salinity, pH, fish 
species, and other stresses on 
the fish. Despite efforts to 
decrease the biological oxygen 
demand of wastes from pulp and 
paper mills, the effect of these 
wastes on dissolved oxygen 
remains a problem in some 
receiving waters. 



SUSPENDED SETTLEABLE 
MATERIALS 


Bark, chips, and pulp 
fibers concern fishery biolo- 
gists and others because they 
have long-term effects on the 
aquatic environment. As these 
materials begin to cover the 
bottom, the rich fauna often 
found there is either destroyed 
or forced to move. Fish that 
normally feed on or near the 
bottom also find the area un- 
attractive and move elsewhere. 

As the organic materials start 
to decompose and dissolved 
oxygen in the water is used up, 
hydrogen sulfide is released. 

The bottom layer of water, with 
low dissolved-oxygen levels, may 
become very thick and, thus, 
unsuitable for many species of 
food fish. This is especially 
true in inlets and other re- 
stricted locations where strong 
tidal flushing does not occur. 


Particles of bark, chips, 
and fibers come mainly from drum 
and hydraulic barkers, paper 
machines, and from transferring 
chips from scows to the mill. 
Bark also sloughs off logs 
during raft transport and 
during storage in holding ponds. 
Log-transfer sites often contain 
heavy accumulations of bark and 
other wood debris (Schaumburg 
1973) . 

Row and Cook (1971) found 
that most of the toxicity from 
mechanical pulping effluents was 
caused by resin acid soaps. 
Wilson (1975) studied the tox- 
icity of effluents from news- 
print operations. Biotreated 
effluent had no adverse reaction 
on any of the zooplankton and 
invertebrates tested. 

Raw wood is about half 
cellulose fibers. Modern mills 
use settling tanks, filters, and 
other devices to keep fibers out 
of receiving waters. 

Bark accumulations may 
contaminate salmon spawning 
grounds (Servizi et al . 1968). 
Servizi and his coworkers found 
that the oxygen demand of bark 
is great enough and of long 
enough duration that eggs can be 
killed. Fine bark particles can 
also clog the gravel, causing 
egg mortality. These authors 
estimated that bark concen- 
trations of 4 percent and more 
were likely to increase egg-to- 
fry mortality because of oxygen 
depletion at incubation velo- 
cities of 5 cm/h. Even bark 
concentrations of 1 percent and 
greater could retard emergence. 
Egg mortality increased as bark 
accumulations increased and 
water flow decreased. 


Even though bark leachates 
are toxic, studies by Schaumburg 
(1973) showed that leachates 
from logs in natural waters had 
little toxic effect. In a study 
of woodroom effluents, Howard 
and Leach (1973) found that 
softwood species tended to be 
more toxic than hardwood species. 

Leachates from logs also 
contain wood sugar and other 
biodegradable materials that 
exert a large biochemical oxygen 
demand (Schaumburg 1973) . Extracts 
of spruce ( Picea sp.) and hemlock 
( Tsuga sp.) bark are also toxic to 
fish, shrimp ( Pandalus sp.), and 
dungeness crab ( Cancer magister 
Dana) (Buchanan et al. 1976) . 

Toxic effects on salmon fry were 
observed as soon as 3 hours 
after exposure to hemlock bark 
extracts. After a 96-hour 
exposure at a concentration of 
56 milligrams per liter, 50 
percent of the salmon fry were 
killed. Spruce bark extracts 
were consistently toxic to all 
invertebrates tested. 

Concentrations of leachates 
great enough to be toxic are 
unlikely except in certain 
locations with little or no 
tidal flushing, such as log- 
handling and storage areas. 
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AIR POLLUTION 


stack emissions from pulp 
and paper mills contain many 
chemicals. Some, such as sulfur 
dioxide (SO 2 ) , can damage plants 
if concentrated sufficiently and 
if exposure continues long enough 
(Faller 1971, Linzon et al. 1972, 
Carlson 1974) . 

Sulfur dioxide is a soluble 
gas readily absorbed by foliage 
through the stomata. Absorption 
can also occur through wet leaf 
surfaces (Thomas et al. 1950) . 

If SO 2 is not removed from the 
air, it oxidizes to SO 3 and 
becomes a sulfuric acid mist. 

This mist is corrosive and can 
cause lesions on plant tissue. 


needles by SO 2 requires that 
foliage samples be analyzed for 
sulfur. Histological examinatior 
of needles shows a distinctive 
syndrome unlike that caused by 
pathogens, drought, or freezing. 
Several investigators have 
established that high sulfur 
dioxide concentrations can injure 
or kill plants (Thomas et al. 
1950, Faller 1971, Linzon et al. 
1972, Ratsch 1974) . 

When mills are located near 
rivers used by salmon and other 
anadromous fish, they can affect 
fish habitat through air pol- 
lution that kills riparian 
vegetation. Several studies 
have shown the importance of 
streamside vegetation in re- 
ducing stream temperatures , 
producing logs in the stream 
for cover, and forming pools 
(Meehan et al . 1977). Trees 
along streambanks also harbor 
insects that drop into streams 
and are eaten by fish and other 
aquatic organisms. 

The extent and severity of 
injury to riparian vegetation 
resulting from pulpraills depend 
on wind patterns and surrounding 
terrain as well as the amount of 
pollutants emitted from the 
mill. The presence of a pulp- 
mill does not guarantee that 
nearby trees will die. If 
emissions are not great and air 
currents provide mixing, SO 2 
concentrations may not be high 
enough to cause damage to trees 
or other plants (Ratsch 1974) . 
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CAMPS 

Except in Alaska and Brit- 
ish Columbia, logging camps are 
nearly nonexistent in North 
America. A few camps occur in 
other places, but they are 
usually not permanent. 

About 60 logging companies 
operate in southeast Alaska 
(Pease 1974). Some have float- 
ing camps that are towed from 
one anchorage to another but 
most are land based. They range 
in size from a one-family 
operation to a community of 500 
people or more. Camps are 
usually located in protected 
harbors that serve as log- 
storage and transfer sites. 


lations controlled logging 
camps. Some activities could 
have affected anadromous fish, 
but we have no record of it. 
Logging camps are now regulated 
by the Environmental Protection 
Agency, the USDA Forest Service, 
and the States. In Alaska, the 
State Department of Environ- 
mental Conservation also has 
authority. Logging camp sewage 
or solid wastes are unlikely to 
affect fish habitat adversely if 
regulations of these agencies 
are complied with. The Environ- 
mental Protection Agency 
requires secondary sewage treat- 
ment. Chlorinated wastewater 
could be toxic to fish if con- 
centrations of chlorine were 
high. 

Logging camps used to leave 
rusting cables, junked machinery, 
bands from log bundles, spilled 
fuel, and other debris on or 
near their sites when a camp was 
abandoned. No studies document 
the effects of these materials 
on fish habitat, however. 

Present regulations require that 
the sites be cleaned before the 
camp is moved. 
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GRAVEL REMOVAL 

Large amounts of gravel are 
needed for building logging 
roads and developing campsites. 
Some locations have no source of 
gravel nearby, other than stream- 
beds . Although gravel has been 
taken from streams in the past, 
this practice was probably never 
common and it will no doubt 
become less common. 


removar rrom screamoeas nave 
been documented in Alaska. 
Sheridan reported on the remova 
of gravel from a stream on 
Baranof Island near Sitka, 
Alaska.!/ Road construction an 
logging were started in the 
Rodman Creek watershed in 1960 
and completed in 1965. Surveys 
showed that the stream and 
alluvial flood plain contained 
the only gravel nearby; 64,000 
cubic yards of gravel were take 
from 16 borrow pits located on 
the tideflats, flood plain, anc 
in the streeim. Pink and chum 
salmon spawned in the intertida 
area and up to 5 miles upstreair 
The Alaska Department of Fish 
and Game had records of escape- 
ment before gravel removal and 
continued these surveys during 
and after the gravel was remove 
The borrow pits filled with 
gravel in 4 years, no signifi- 
cant changes were observed in 
streambed gradient, and the pit 
accelerated bank cutting in 
their vicinity, causing several 
trees to fall into the stream 
and a high intermittent sedimer 
load. The pit-filling probably 
increased bedload movement and 
likely increased the instabilit 
of spawning beds upstream. 
Salmon escapement showed no 


2 / 

— Unpublished paper, "Effects 
gravel removal on a salmon spawning 
stream," by W. L. Sheridan. USDA Fo: 
Serv. , 26 p. On file, Forestry Scie 
Laboratory, Juneau, Alaska, 1967. 
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decrease, even though a short- 
term decrease in survival of 
salmon embryos could have 
occurred because of increased 
sedimentation. Sheridan cau- 
tioned that gravel should be 
removed from streams only if no 
other source of gravel is 
available and the value of 
timber far exceeds the potential 
damage to salmon habitat. 

During World War ll, large 
amounts of gravel were removed 
from four salmon streams near 
the Kodiak Naval Station (McVey 
1959). Sections of the stream- 
bed were removed to depths of 
20 feet. The fish-producing 
potential was reduced in two 
streams because the tailings 
from washing and screening 
reduced the average size of 
stream gravel, resulting in 
instability. In the other two 
streams, bottom materials broke 
up and were washed downstream. 

As a result, streamflow was 
limited to subterranean seepage 
during low water flows , and 
several miles of excellent 
spawning grounds became in- 
accessible to spawning fish. By 
1958, the gravel of only one of 
the two streams showed signs of 
stabilizing . 



FISHING BY RESIDENTS 

Logging camps congregate 
people in remote areas of south- 
east Alaska and British Colum- 
bia. The camps are often near 
highly productive stream and 
estuarine fisheries. This 
cOTibination of people and re- 
sources results in heavy use. 

Some biologists believe 
that logging camps are respon- 
sible for unusually heavy fish- 
ing pressure in some streams. 
Depletion of runs has been 
mentioned, but quantitative data 
are lacking. Species such as 
steelhead trout would be es- 
pecially vulnerable, because the 
runs are small in some streams. 

The Alaska Department of Fish 
and Game has estimated that 
sport harvest in Rodman Creek, 
Baranof Island, took over 60 
percent of the mature Dolly 
Varden char in 1963, based on 
tag returns. This pressure was 
mainly from nearby logging camps. - 


3/ 

— Data on file 
Laboratory, Juneau, 


, Forestry Sciences 
Alaska. 
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Fish and Game is now conducting 
a statewide sport fishing 
survey. Information will be 
received from high-quality 
watersheds, including those near 
logging camps, so sport fishing 
harvests from logging camps can 
be estimated. 

If anglers all carry proper 
licenses and observe bag limits, 
the logging camps only serve to 
distribute and congregate people, 
so it may be misleading to view 
camps as detrimental to the 
fisheries resource. 



OTHER EFFECTS OF CAMPS 

Some logging camps probabl 
have affected the local fish- 
eries by sewage pollution, wate 
diversion, oil and lubricant 
spills, and gravel removal, 
although the effects of these 
activities have not been docu- 
mented . 

In light of the detailed 
State and Federal water and air 
quality standards, logging camp 
are unlikely to have any appre- 
ciable effect on fish habitat 
now or in the future. Logging 
camps may be viewed as small 
communities, subject to the sam 
regulations as any other com- 
munity. If environmental degra 
dation occurs it is because 
State and Federal regulations 
are being violated. 
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SUMMARY AND 
CONCLUSIONS 

Pulp and paper mills re- 
lease enormous amounts of ef- 
fluents daily into receiving 
waters. The toxicity of these 
wastes varies widely and is 
dependent on factors such as 
chemical processes used, waste 
recovery, and biological oxygen 
demand caused by decomposition 
of sugars in the effluents. 

Until recently, assessing 
the harmful effects of mill 
wastes was difficult because the 
chemical constituents are com- 
plex, and some remain unident- 
ified. The relation between the 
concentration of many toxic 
constituents and biological 
activity has not been estab- 
lished. In addition, separating 
chemical toxicity from bio- 
logical oxygen demand is often 
difficult. As a result chemical 
assays cannot be used. 

Laboratory and field studies 
have accumulated the data needed 
to design accurate and sensitive 
acute lethal bioassays for 
effluents from pulp and paper 
mills. These bioassays have 
been used to identify thresh- 
holds of effluent toxicity for 
several aquatic animals, in- 
cluding salmonid fishes. This 
work has demonstrated that the 
previous history of test animals 
is very important. Fish and 
other aquatic animals can be 
conditioned to withstand in- 
creasing levels of pollutants to 
a point. Stresses tend to be 
cumulative, however, and such 
factors as water temperature and 
pH can compound the effects of 
other stresses. Despite some 
shortcomings, recent research on 
biological assessment has re- 
sulted in the development of 


tables showing concentrations of 
affluents associated with effects 
on various organisms. Threshold 
concentrations of effluents from 
paper mills have been based on 
extensive technical data; this 
work has been reviewed by Walden 
( 1976 ). 

The acute lethal bioassay 
is now well established for 
measuring toxicity of industrial 
pollution. Using such bioassays 
to determine safe levels of 
effluent in the environment is 
risky, however. Each biological 
system is unique; plants and 
animals in the system are sub- 
jected to various stresses. The 
amount and duration of these 
stresses determine the animal’s 
ability to withstand the added 
stress of mill pollution. What 
is needed is a sublethal bio- 
assay, sensitive enough to 
detect changes in the natural 
environment as they relate to 
biological requirements of the 
animals . 

Little information is 
available on the effects of 
logging camps on anadromous fish 
habitat. Because camps are 
often near productive fish 
habitat, however, they are 
potentially hazardous. Present 
regulations pertaining to camps 
and associated activities appear 
adequate to prevent appreciable 
damage . 
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REINFORCED CONCRETE CONSTl 


centered curve will now be explained. In orde 
on the work, it is advisable to first draw the 
ellipse by the method given above. Let AD 
be the given semi-axes. Join A and C, and t 
perpendicular to AC, determining E and O, U 
From 0, with OC as radius, draw an arc CK a 
suitable, and join K with 0. Make KG eqi 
E and G. At the center of EG draw a perp 
and note its intersection H with KO- Frorr 
HK, draw an arc to HE (extended) ; and fror 
radius, complete the curve. 

Parabola , — The equation of the parabola, Fij 

x^b 

Divide the line OR into any number of convei 
and number the points of division 1, 2, 3, etc.. 



point nearest 0. Then to find the values of ; 
abscissas x, the numbers 1, 2, 3, etc., should I 
above equation for values of x, and the total nur 
illustration is 6, should be inserted for the valu 
A very simple graphical method of drawing i 
lay off on the vertical line RS, Pig. 7, the same 
divisions as are made on the horizontal axis 
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of transverse walls (Figs. 9A, 9B, and 9C), or on a co 
superstructure of columns, girders, beams, and slabs (Figj 
105, and IOC). If, as is rarely the case, a heavy or n 
appearance is desired in open-spandrel construction, th( 
curtain walls may be used and all spandrel openings 
(Fig. 105). In the open-spandrel type, the arch ring r 
either solid or composed of two or more longitudinal ribs, 
features of open-spandrel construction are shown in Fi§ 
and lOF. 

With filled spandrels, the filling material is held in 
laterally by retaining walls which rest upon the arch ring. 



Courtesy of Universal Portland Cement Co. 

Fig. SA . — Highway bridge at Ellerton, Ohio. 


retaining walls may be of either the gravity or the reii 
type, or they may consist of thin vertical slabs tied togei 
reinforced-concrete cross walls. Solid fillings increase the 
of the superstructure and make necessary thicker arch rir 
larger foundations. Open-spandrel construction, on th( 
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Courtesy of Mr. Daniel B. Incten^ Consulting Engineer^ Indianapc 

Fig. SB , — Georgetown bridge over Wabash Kiver, G 




GENERAL DATA 

4. Selection of the Most Suitable Intrados. — The leni 
span and curve of an arch are often determined by pt 
conditions. Ample waterway must be provided for over st 
and, if possible, piers and abutments should be located whe 
cost of foundations is a minimum. Sufficient clearances 
must be allowed over roadways. These and other cone 


Courtesy of Assoc. American Portland Cement Mfrs. 

Fig. 9A. — Detailed view of spandrel arches in railroad construe 
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span of less than one-fourth, the most ecor 
between a circular segment and an ellipse an( 
mated by a three-centered intrados. 

6. Piers and Abutments. — The springing lin 
arch, should be located as near the foundatioi 
permit. This will often make possible a less e: 
the abutments and, where piers are employe 
overturning effect on the piers to a minimum. 

In the case of long bridges with a series o: 



Courtesy of Sandusky Portland Cement Co. 


Fig. 9B . — Bridge on Lake Shore & Michigan Souther] 


called abutment piers should be placed at 
(usually every ,6 or, 6 spans) so as to act as a 
of failure of one or more of the arches. T 
made of sufficient thickness to resist the presi 
standing and the other arch removed, and for 
ing. The ordinary arch pier should be analyz 
arch without live load and the other adjac 
load over the whole span. 





reinforced GONCRET. 
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be selected and the span lengths should decrease each wa; 
the center of bridge. 



Courtesy <?/ Mr. N. S. S-praguCy Superintendent, Board of Public Works, Pittsburg 
Fig. lOF . — Atherton Avenue bridge over P. J. R. R., Pittsbur 
Note fake joints in ribs, posts, and quoins. 
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and that it is well distributed. Grea 
cases by the use of hollow, or ribbed, 

6. Depth of Filling at Crown. — In n 
for an earth-filled arch bridge, it is r 
mately the required crown thickness c 
amount of earth filling over the crow: 
order to determine the remaining dist 
springing line — ^that is, the availab' 
highway bridges, a depth of filling ii 
from 1 to 2 ft. will be sufficient; bu 
minimum depth of from 2 to 3 ft. be 
in order to form a cushion for the ties, 
to absorb the shock from passing trai 

7. Loads. — The dead weight of tht 
superimposed material, constitute usi 
an arch ring. With open-spandrel c< 
act vertically upon the arch ring or j 
verse walls or columns, and are henc 
filled spandrels, the pressure produc( 
earth filling is really inclined and tl 
accurately determined. 

On flat earth-filled arches, it is beti 
loads as acting on the arch ring, fo 
forces are small and may be neglect 
with large rise, the horizontal thrus 
close to the springing lines, and it ma;; 
to take these horizontal components i 
of these horizontal thrusts, howeve: 
safety. 

A common assumption for weight c 
value is unknown is 100 lb. per cubic 
its weight should be taken at 120 lb 
sumed as 12 in. thick and as weighin 

The live load to be used in the inv 
should be the greatest that comes oi 
roadway. Each location should be 
chosen to fit the requirements. For c 
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area of arch ring, uniform live loads are used in the arc! 
design. City highway bridges are generally designed for 5 
electric cars and for such bridges, with spans of 200 ft. or i 
a uniform load of 1200 lb. per linear foot is usually taken on 
railway track together with a uniform load of 80 lb. per S( 
foot over the remaining area of roadway and sidewalks, 
spans less than 100 ft., the values corresponding are 1800 11 
linear foot of each track, and lOO lb. per square foot of rema 
area. For spans between 100 and 200 ft., the loads are 1 
proportionally. The loads specified above for city bridges 
be reduced by about 20 per cent to apply to the arch rings of 
country bridges. The load on each street railway track is 
erally assumed to cover a width of 9 ft. 

In addition to the above loads, city bridges and bridg 
thoroughfares likely to be used for heavy hauling shou 
designed to carry 20-ton trucks, with axles about 10 ft. c. 
14 tons on rear axle and 6 tons on front axle; wheels about 
c. to c. 

Because of the permanent character of concrete bridges it 
be wise to provide a larger margin for increase of loading tl 
above suggested, or than is usually allowed in steel bridge d< 
Fortunately, in the case of concrete arch bridges a large inc 
can be provided for with only a slight increase of expense d 
course, to the controlling influence of the dead load. 

Following is an extract from the report of a Committ' 
Reinforced Concrete Highway Bridges and Culverts, Ame 
Concrete Institute, presented at the Annual Conventic 
Chicago, Feb. 17, 1914: 

Class 'A' Bridges — main thoroughfares leading from large to\ 
In view of the extensive introduction of the heavy motor i 
and traction engines, and the probable general use of such vehi* 
the future, it is recommended that bridges on main thoroughfan 
other roads which are likely to be used for heavy hauling, be dei 
to carry 20-ton trucks, with axles about 10 ft. c. to c., 14 tons c 
axle and G tons on fore axle; wheels about 5 ft. c. to c. Outside 
large cities it is recommended that only one such vehicle be assur 
be on the bridge at anyone time; the likelihood of more than one 


impose a bad of mwe t a^d ^ ^ 

t, .. -7——;,.“ 4;::;;;:;;:::; 

pxtravagant to assume that a large oruigi. i» > j 

S One hundred ,«»ndB per equnrc (»*,» th.n.nht «n.|,l.- U, 

“ft. losing of epnns mere tt.« 60 ft. long .n a™Km»g <ho lrus«-s .» 

„2i girden. It i. thought tob. »fe to rclne. Hue nee. 1 1....1 ... th, 

case of louger spans, to the following amounts. 


Length 
of span, ft. 

80 

100 

125 

200 and over 

with all intermediate spans in proportion. 


AHHuiiifMi Iiiiiii, 111. 
|H^r 8t|. ft. 

. , , , . m) 

HO 

75 

70 


^‘The greatest load that is liable to be impoaed on a hridgo .Hidinvall 
occurs when there is some excitement in the neighborhtHHi wide] 
attracts a large crowd, and for which the bridge af!(»rdH an eaiH^ciall; 
good point of view. In that case the crowd forma a eoinpact ina^ 
against the railing, not more than 4 ft. deep, making a load aehloi 
exceeding 100 lb. per square foot over a very eonHidernble apnei 
The remaining portion of the sidewalk may be covc^rcnl by a niovin 
crowd which can scarcely weigh more than 40 lb. per Hcpinri* fo<d. 1 
may be advisable, sometimes, to so design sidewalk slabs, that if 
street car or motor truck accidentally gets upon thc‘ sitlt»walk, it wi 
not go through. Such accidents are so rare, that it is thought sab* t 
allow materials to be stressed somewhat beyond th(^ elastic limit in sue 
cases. 

“Class Bridges. — Although it is impossible to chdcTmim* Indon 

hand, especially in the newer parts of the country, wh(‘ther any give 
road is to be used for heavy traffic, it seems extravagant, at Ic^nst in tl 
cases of larger spans, to design bridges to carry mueli h(‘uvier lemds tha 
can be expected to come upon them. It is recommemhai tliat bridge 
of this class be designed to carry 15-ton trucks, with axles 10 ft. npar 
5 tons on the front and 10 tons on the rear axle. This will allow for 
considerable overloading of existing motor trucks. It is further reeon 
mended that only one truck be assumed to be on tlie bridge at <u 
time, in designing the floor system, that it be assuincHl to cover a widt 
of 8 ft. and a length of 35 ft. and that the remainder of tlu^ bridge I 
covered with a load of about 90 lb. per square foot, for spans up to 00 t 
For longer spans, the trusses and main girders should be devigne 
for the following loads: 


per sq. ft. 

80 

70 

65 

60 

ver 55 

spans in proportion. 

lid be designed to carry the same loads as in the case of 

s. — City bridges and bridges carrying traffic connected 
ies, lumber regions, mills, manufactories, etc., require 
ion and should, of course, be designed to carry any 
lasonably be expected to pass over them, bearing in 
d of heavy traction engines and motor trucks coming 

traction is still in its 
development. It seems 
>le to run cars weighing 
Id be permitted on any 
le traction company will 
vn right-of-way. It is 
bn or interurban electric 
cks, spaced 30 ft. c. to c., 
3. The Committee sees 
)f assuming that an axle 


wic oitjs. xxu fciAiu luau IS assumea as custriDuted ovi*r thrive t 
in the direction of the track. 

8. Empirical Rules for Thickness of Arch Ring.- - Wi(h f 
trial curvature of the intrados decided upon, flu* noxf .s|,.p j 
design of a concrete arch is to choose a trial thickiusv^s of u 
ring at the crown and at the springing. Sirua* flu* crown fhic 
ness depends not only on the thrust, but also upon (he 
of the line of pressure, it is obvious that it is iinpossibh* to dcvi. 
a formula for its determination. Varioms (‘lupirical formnl-r 
however, have been developed for this trial thickness at flu* crow 
and are an aid to the judgment. 

Mr. F. F, Weld^ gives the following foriiuila: 


h = JL , y 

^ ^ 10 ^ 200 ^ 400 


where 

h = crown thickness in inches. 

I = clear span in feet. 

Under 20 ft. h = 0.03 (6 + Z)* 

20 to 50 ft. h= 0.015 (30 + 1 )* 

50 to 150 ft. h = 0.00010 (11,000 + 

Over 150 ft. h = 0.016 (75 + Z)t 

t I^or railroad arches, add 20 per cent. 

IFor railroad arches, add 15 Jer cent. 

arc^es:^’ Allowing formula for soIid-Hpuiuircl 


where 


h = 4 + ^t(Ldi.§f2 4 . r 

4000r - Z 2 + Lso.oni 


-30,00()r "“' iso, 


!£c(l + ar) 


] Z in inches 

‘ - clear span in feet. 






F = the fill over the crown of the extrados in feet. 
w = uniform live loads in pounds per square foot. 

Wc = concentrated loading consisting of maximum live 
loading on single track over half-span in tons. 

The thickness of an arch should increase from the crown to 
the springing (except for a hinged arch which is not considered 
here). The radial thickness of 
the ring at any section is fre- 
quently made equal to the thick- 
ness at the crown multiplied by 
the secant of the angle which 
the radial section makes with 
the vertical. For segmental 
and three-centered curves the 

radial thickness at the springing (a-a, Fig. 11) should be taken 
from two to three times the crown thickness. 

The empirical rules given above, it must be remembered, should 
be used only for trial. The exact shape of the arch ring and the 
thickness at different sections must be determined by analysis 
as subsequently explained. 

9. Classification of Arch Rings. — Arches may be classified as 
hinged or hingeless. A hingeless arch is one having fixed ends, 
while a hinged arch may have a hinge at the crown, a hinge at 
each end, or a hinge at each end and one at the crown. Arches 
of one and two hinges are not used to any extent in masonry 
construction since the three-hinged arch offers the advantage of 
more definitely fixing the line of pressure throughout the ring 
and thus makes possible a saving of material. Hinges are, 
however, often an expensive detail and the three-hinged arch is 
by no means so common as the concrete arch having fixed ends. 
Friction on hinges is also an important consideration. 

Concrete arches without hinges will be treated in the chapters 
immediately following and later on will be considered the modi- 
fications necessary for three-hinged arches. 




CHAPTER II 

deflection of curved HIvVM.M 


Deflection formulas for curved beaiuH (in which flic radius of 
curvature is large as compared with the depth) arc* employed in 
the development of arch theory. Hence, it is imporfaiit fur the 
student to appreciate the meaning of these deflection formula.s 
before taking up the theory of arches, and this appreciation of 
the formulas can come only by following through fluur deriva- 
tion. A proof for these formulas will now be attmupted. 

Let AB, Fig. 12, be any portion of a curvial beam in its un- 
strained form and A'B the same portion in its siraimil form, 
assuming the beam rigidly fixed at B. Let A' — A’ and F — Y 
be rectangular axes with origin at A, and denote the compommts 
of A' as ^x and Aj/. AO, tangent to the arnii axis at A, movi's 
through the angle k. It is desired to derive* formulas for the 
following values: (1) angular change of AO, (2) component A/ 
of A', (3) component Ay of A'. Only the effects <if deael and 
live loading will be treated in this chapter leaving the* efT<‘cts of 
temperature change and direct stress for consid<Tation in tin* 
chapter on Arch Analysis. 

10. Angular Change. — Consider dbal ns any small portion of 
the beam included between two consecutive cross-sect ions at right 
angles to the axis. Assume the radius of c.urvat ure of 1 he 1 team as 
large in proportion to the depth so that the length of .all fibers 


may be assumed equal. Now assume the (‘iid nd as fixed, and let. 
the change in angle between end faces or end tangents of this 
element (of length s) due to bending be denoted liy (See ['’igs. 
12 and 13.) The change in length of a fiber at a distance r 
from the neutral axis will be equal to rk' (the angh* k' being 
expressed in circular measure) and the deformation per unit 


length of beam will be equal to — • Now, li = - . ' 

. . s unit defornnition 

(by defimtion of modulus of elasticity), or, stre.ss per unit area 
at distance r from the neutral axis = (A’) X (.leformation) 


s 
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Let a (Fig. 14) be the area of a small element of the cross- 
section at a distance r from the neutral axis. Then the stress on 

this area equals — and the moment of this stress about the 

neutral axis equals E • ar^- ~ • The total moment of resistance of 
the cross-section is the sum of all the moments of resistance for 


y 




the s(>parai(^ elements, which resolves itself into finding the sum 
of the expressions 

The term vioviGnt of inertia, I, may be defined as follows: The 
moment of inertia of a plane surface with respect to an axis is 
the sum of the prodind-s obtained by multiplying eaeli (dementary 
area l)y the square of its distam^e from that axis. If ^ is taken 
to mean the su'm of, then it is evident that '^ar^ between the limits 
of the section represents the moment of inertia of the section. 


Hence, 


y .I/n 

Jlf = £/ or k' =* 

(This expression might have been ol.tninea tiorv dirr.-tly by 
employing the formula derived from tiu^ funnm.n th.-ory of 
flexure.) But an expression for the atigle k is aosirod. itml this 
must be obtained by a summation of all the angles /.' for the 
elements of the curved beam from A to li. I h-aote t bis suanua- 

B 

tion by 2 k', then 

^ « Ms 

^ El 

In deriving the foregoing equation, a ina(«Tin! with c-oastant E 
has been assumed. For beam of reinforced (H»niTel(' 

M = EM 7 + E.I. ; 

o in 


= (EM + nEM) 
= E, {h + nl.) 


I' = 

^ Ed 


fc = 2 p y ( 1 i 

A 

The smaller the elementary lengths of beam eoa.siticred. the 
more accurately will Formula (1) apply. The vnlue.s of .1/ and I 
have been regarded as constant (luantitics for each jjarticiilar 
elementary length considered. Since this is not true in (tract ice 
on account of each element having apitreciabh* length, a clo.-^c 
approximation to the actual M and I for a given element may be 
obtained by taking the values of the bending moment ’and 
moment of inertia at the mid-point of s. 

11. Components of Deflection.---Conaider/lC 7 ;/!,’F/l, Kig. l.'t.l, 

to repraent the axis of the unstrained form of the lieiint of Fig. 
U and let the beam pass into its strained form by the bemling of 
each elementary length s in consecutive order. Bending tin; 
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element BC through the angle fc' causes the portion to turn 
through this same angle about C as a center, the point A moving 
to Ac (with radius u) through a small distance that we will call 
dv, having the components dx and dy. Fig. 155 shows clearly 
the method of bending. Bending the element BC through the 
angle if AC is kept stationary, would cause B to move to the 
point 5'. Now revolving the bent beam about C as a pivot 
until 5' is brought back to 5, it should be noticed that A moves 



Fio. 15B. Fig. 15C. 

to Ac- Fig. 15C shows the bending of the element CD. Thus 
from the l)ending of CD' the point Ac moves to Aj), etc. 

If X and y are the coordinates of any point C, origin at A, we 
have, by similar triangles (triangles are similar since the side dv 
is practically at right angles to the radius Uj the movement 
being very small) 

dv ‘ civ u 
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Solving for dy and 
have 


dx and substituting for dv the valiu' uk', 
dy = xk' dx = yk' 


\V(* 


Substituting the value of k' frona Equation (a), we have 

, Ms , , Ms 
dy = x and dx = y 


Summing up the value of the components for each change' of k' 
in angle, the total change of angle made is k, and dy and dx 
become Ay and Ax, respectively. Then 


and 


Ay = - S 


Mxs 

17 / 


( 2 ) 


Ax = 


B Mys 
EJ 


(.' 1 ) 


(As in simple beams, M is considered positive when it tends to 
increase the compression on the back of the arch. Tlu' ininus 
sign is used in Formula (2) because the effect of a positive valuer of 
M in any element causes an upward deflection— that is, a ininus 
value of Ay, considering only the effect of bending in the eleinent in 
question.) 

Formulas (1), (2), and (3) are the fundamental formulas em- 
ployed in the analysis of masonry arch rings by the elastic 
theory. 


CHAPTER III 


ANALYSIS OF THE SYMMETRICAL ARCH BY THE ELASTIC 

THEORY! 

12. General Discussion. — A concrete arch with fixed ends is 
statically indeterminate. There are, in all, six unknown quan- 
tities — three at each support (the vertical and horizontal com- 
ponents of the reaction, and the bending moment; or, what is 
the same thing, the magnitude, direction, and point of applica- 
tion of the reaction) — and it is possible to determine only three 
unknowns by the principles of statics. The three additional 
equations may be found from the following conditions : 

The change in span of the arch = = 0 

The vertical displacement at one end relative 
to the other end = A?/ == 0 

The angle between the tangents to the arch 
axis at the two ends of the arch remain un- 
changed, or Zfc = 0 

These three conditions must be true since the arch is fixed at the 
abutments. 

Instead of actually finding the components of the reactions 
and the moments at the supports as outlined above, it is simpler 
for symmetrical arches to take the origin of coordinates at the 
crown and find the thrust, shear, and moment at that point. 
The method of doing this will be explained later, but it should be 
clear that, with these three unknowns determined, each half of 
arch may then l)e treated as statically determinate. 

The analysis of an arch consists in finding the thrust, shear, 
and bending moment at the crown and at intermediate sections 
in the arch ring or arch rib, and then finding the stresses result- 
ing therefrom. A longitudinal slice of the arch is considered, 
having a thickness of 1 ft. The thrust is here taken to he the 
normal component of the resultant force on the section, and 
the shear is the component at right angh^s to tlu^ normal. Tlu', 

1 Mothod of unulyHiH in taken by ix'riniHHion from TurncMiuro and Maur(‘r’H “ Primaplert 
of U(diifor(aid-oonor(';t(i Cormtruc.tion,'’ 2d edition, paKCH H.'if) to .'M l. (^>pyriKiit 1007, 1000 
by F. b]. Turiieaure and 10, R. Maiir<T. 


bending moment will be considered positive when it to 

increase the compression’ on the back of the areh^ tlun Indng 
the same convention as for beams. 

A horizontal thrust is produced at the crown when tfu* arch is 
loaded symmetrically. For non-symmetrical loading, an in- 
clined pressure acts at the crown, but its horizontal eoinponc‘nt 
is called the horizontal thrust for that loacfing. Its v(*rtieal 
component is the shear at the crown. Let us assunu* t lH‘ arcdi 
as cut at the crown and consider each half to act as a cantiIc‘V(T 
sustaining exactly the same forces as exist in tlu^ artdi itscdf. 
The external forces holding a semi-arch in equilibrium (Fig. 16 ) 



are the loads Pi, Pg, etc.; the horizontal thrust //„ ilu* V(‘rfi<*al 
shear Fc, and the reaction at the skewback Rq, 

After Vc, and Me have been computed, the liiu' of nresHuro 
(^accurately enough represented by the equilibrium polygon) <-an 
be constructed by help of the force polygon, Fig. 1(J. 'pin. value 
of Me definitely determines the point of application of //,. and 
makes the construction of the exact line of pressure possible. 
(For a positive value of Me, the thrust He acts above tlu‘ andi 
MIS.) From this line of pressure and the accompanying force 
polygon may be obtained the thrusts, shears, and bending 
moments at mtermediate points of the arch. The force polvgon 

miSs 

»y sect, on, the bending moment being equal to the reaultnnt 


pressure at the given point multiplied by the perpendicular 
distance from the arch axis to the line of pressure. Usually the 
line of pressure is drawn to serve only as a check on the com- 
putations, and the bending moments at the various points are 
determined algebraically. This algebraic method for finding 
moment will be employed in the designing work to follow. 

The line of pressure of an arch is a continuous curve, but dif- 
fers very little from an equilibrium polygon for the given loads 
(Fig. 16). In fact this curve becomes tangent to the equilibrium 
polygon between the angle points. The greater the number of 
loads, the nearer the polygon approaches the line of pressure. 

With He, Vc, and Me determined, all external forces are known 
except the reaction at the skewback, and this is determined by 
the closing line of the force polygon. An equilibrium polygon 
may then be constructed as already mentioned, the first side 
being in the line of Rc produced, the second parallel to the ray 5, 
and so on until the last side through q gives the position of Ra> 

13, Notation. — The following notation will be employed in 
arch analysis: 

Let 

s = length of a division of the aren ring measured along 
the arch axis. 

Uh = number of divisions in one-half the arch. 

Z = span of arch axis. 

Ca = average unit compression in concrete of arch ring 
due to thrust. 

tc = coefficient of linear temperature (ixixinsion. 

tj) ~ number of degrees rise or fall in temperature. 

Ec = modulus of elasticity of concrete. 

At the crown, let 

He == horizontal tlirust. 

Vc = verti(;al si i ear. 

Rc = resultant of lie and Vc- 

Me = bending moment. 

At any point on the arch axis, with coordinates x and y referred 
to the crown as origin, let 

N = tlirust (normal) on radial s(H;tioii. 

aS = shear on radial sect, ion. 

R = resultant force on radial section, rc^sultant of N and S. 


Xo = eccentricity of thrust on section, or ciistancc of N 
from the arch axis. 
t = depth of section. 

I = moment of inertia of section including steel = 
Ic + nls> 

A = area of section including steel = ttc + na.. 
fo = steel ratio for total steel at section. 
d' = embedment of steel from either upper or lower 
surface. 

M = moment = Nx„. 

mi = moment at any point on left half of arch axis of all 
external loads (Pi, Ps, etc.) between the point and 
the crown. 

= moment at any point on right half of arch axis of all 
external loads between the point and the crown, 
m = moment at any point on either half of arch axis of 
all external loads (Pi, Pi, etc.) between the point 
and the crown. 

14. Formulas for Thrust, Shear, and Moment.' — Ltd, Fig. 1 7 
represent a symmetrical arch loaded in any manner and cut at 



the crown, the halves being separated in order to show tlu' forces 
acting at the section cut. 

Formulas for thrust, shear, and moment at the (U'own will first, 
be developed and then will follow a formula for moment at any 
section. Thrust and shear at any section may easily bt' de- 
termined graphically. 

The horizontal motion of C as regards the left cantikwc'r, <lu(^ 
to bending of the elements between A and C, is the sanu^ in 


Cnw Turneaure and Maurer’s “Principles of R,,inforci,,l.,.(,m.r.,|,. 
K ^Ma™ 
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amount as the horizontal motion of C as regards the right canti- 
lever, due to bending of the elements between B and C. It should 
be noticed that a positive bending moment for an element on the 
left will tend to move C in the opposite direction from a positive 
bending moment for an element on the right. Then, from 
Chapter II on Deflection of Curved Beams, we have 





s 

Ed 


(The coordinates x and y refer to the center of each short length 
of arch ring of length s, when M is also taken at the center.) 
The vertical motions are equal but in the same dirction, hence 

-2^ Mx^ = -L Mxrff 


Also the changes in direction of the tangent to the axis at C are 
equal but opposite in direction, hence 


5 


A ^ B 

C C 


The arch ring will be so divided into sections that j will be made a 

constant. Then Ec also being a constant, the quantity 
may be placed outside the summation sign. Thus, denoting 

A B 

S M by XM/, and S M by 2Af/e, we have 
c c 


= - i:Mjiy 
ZMlx — 'ZMjiX 


(b) 

(c) 

(d) 


The bending moment at any point may be expressed as follows: 

Mf^ = Mr. HeV VeX — vif^ 

Mji = Mr + II cV - VeX - mji 

where M i and Mji arc the moments at the center of any division 
to th(', left and right of the crown respectively. Buhstituting tlu'se 
equations in (6), fc), and (r/), combining terms, and noting that 
^Mc for omvhalf the ardi is equal to n,,Mcj we have 

2Mr'^y + 2IIc'^y- — — '^m.ny = 0 ie) 

2Vr^x- - 'l^rriLX + :i:mnX = 0 (J) 

2nnMr + 2IIr:^v - - :^mr, == 0 (a) 


(4) 


Combining ie) and ig) 


^0 = 

From(/) 


rih'SimL 4- OTa)y — S(mi, + J»:h) -// 
2[n»S2/’* - (22/)’“] 

S(mi- 
~ 2Sx® 


From Cgi) 


= 


S(wi, + otr ) ~ 2Hc^2?/ 
2nh 


(r>) 


(b) 


These are thefundamental equations in theanalysiBof arcli rings. 

All summations refer to one-half the arch axis, and tlu! signs of 
Ml, Mr, X, and y being taken into account in the derivation (if 
the formulas, their numerical values should be taken as positivi^ 
when substituting to obtain the corresponding valueB ()f //., 
Yci and Mo- A positive value of Fc indicates that the liiu^ of 
pressure at the crown slopes upward toward the left; a lu^gativo 
value, downward toward the left. 

The values of the thrust, shear, and moment being found from 
the above equations, the moment of any section of the left <uinti- 
lever is 

M = Mo + BcV + VcX - rriL (7) 

and, at any section of the right cantilever, 

M = Me + Hoy - VeX - Mr (H) 


To the thrusts, shears, and moments in an arch due to loads 
must be algebraically added the thrusts, shears, and nionumt s due 
to a change of temperature. For a rise (or fall) of tempcTat ur(» of 
the arch ring of degrees, the span of arch axis I would tend 
to increase (or decrease) in length an amount exprc^sseil by 
tctDl, U being the coefficient of linear expansion. Th(‘ arch b(‘ing 
restrained at the abutments, thrust, shear, and rnomcuii would bt* 
caused at the different sections of the arch ring. 

The method of procedure for determining formulas for //. 
and Mo due to temperature is similar to that cmploycnl in d(‘- 
termining the corresponding formulas due to loads. Tlu^ valine 
Aa; of Formula (3) is equal to the amount of the tcmdeiu^y of t.Iu^ 

half-span to change in length, or and k of Formula (1) in 




zero since the crown section rises and falls in a vertical line as the 
material of the arch expands and contracts. Thus, we have, con- 
sidering either half of the arch, 


XMy 


EJ 


'EM 


EJ 


T' 

= 0 


= 0 


Since there are no external loads to be considered in the matter of 
temperature and since the arch is symmetrical, Vo = 0, and 

M = Mo HcV 


Substituting this value of M in the above equations and remem- 
bering that -gj is to be made a constant, we have 


MoEy + HoEy^ = 


s 


From which 


and 


UhMc Hc^y = 0 


He 


s ‘ 2[nh'Ey^ - {2y)^ 


Me - 


Hcl^y 

rih 


(9) 

( 10 ) 


The bending moment at any point is 


M == Me + Hey 


( 11 ) 


In Formula (0) the value ii) should be inserted as positive for a 
rise in temperature and negative for a drop in temperature. The 
value of tc, may be taken at 0.000006 per degree Fahrenheit (see 
Art. 13, Volume I) and the value of Ec at 2,000,000 11). per square 
inch. Moments are usually expressed in foot-pounds and the 
distarujo y in feet, in which case the value of Ec should be sub- 
stituted in Formula (9) in pounds per square foot and the value 
of I in feet. Since there are no outer loads to consider, the thrust 
and shear at any point in the arch may be found by resolving He 
normal and parallel to the arch section at that point. 

It should be noted in Formula (9) that, for a given span, 
the horizontal thrust due to temperature varies inversely as 
— (I^;//)'’], which means that a slight decrease' in rise of 
the arch will produce considerable increase in ring stress. 



If the span and rise are kept constant, He and likewise M, 
vary directly with I, or, in other words, with the cube of t he depth 
of section. On the other hand, fiber stresses for a given moment, 
are known to vary inversely only as the square of tlu? d(‘pth ol 
section. Thus in light highway bridges, where tempcu-aturc! 
moment constitutes a large proportion of the total monunit, the 
resulting fiber stresses may actually be increased by an incr<>ase, 
of section. 


The thrust acting throughout the arch tends to cause a shorten- 
ing of the span. Denote Ca as the average unit compression in 
concrete of arch ring due to thrust. Then the arch vspan will 

C If 

tend to shorten the amount This action tends to produce 

ihc 

the same result as a lowering of temperature and the^ value of 

C(i I 

the resulting crown thrust may be found by substituting for 
UdI of Formula (9). Hence, 


I CfcH'thh 

r2rn7s^TSt/)^j 


(12) 


and, as for temperature stresses, 

Uh 

M = Me + HeV 


(i:{) 

(ID 


Thrusts and moments due to rib shortening are usually small 
except in flat arches, where they may become fairly large*. 

16. Division of Arch Ring for Constant Since tlu* depth of 

the arch ring generally increases from the crown to tin*, spring- 
ing, the moment of inertia I likewise increases, but much moi-c* 
rapidly; in fact, it increases approximately as the cube of the 

depth. To maintain a constant j, the divisions should be made 

to mcrease in length as the arch ring deepens, and soim* jire- 
liminary computations are necessary to do this. 

The greater the number of divisions selected, the more accural e 
the results; but for an arch of ordinary span, the number need 
not be greater than twenty— sixteen or twenty being the common 
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rule. Of course, since each half of arch is considered separately, 
the number of divisions should be even. 

To obtain the value of j (the constant), determine first the 

length of the arch axis. Next, calculate several values of j 

at equal intervals along the arch and determine its mean value. 
Then 

i _ 1 

/ “n/J 

where V is one-half the length of arch axis, nu the desired number 

of divisions in one-half the arch, and j the mean value found as 

previously explained. In determining this value the steel should 
be considered. 

s 

After once the value of j is known, the lengths of the divisions 

can be readily determined. Assume a length of the first division 
to one side of the abutment. Determine the value of I at the 
center of the assumed division. Then divide the length assumed 
by the value of I determined for the center. If the length of the 
division was assumed correctly, the result should equal the value 
s 

of j computed above. If not, the necessary adjustment should 

be made, and so on for each division until the crown is reached. 
The lengths of the assumed number of divisions should agree 
with the length of one-half of the arch axis. If an error exists 
which is not large, it should be divided proportionately among the 
divisions. 


If desired, a graphical means may l )0 employed by which to 

divide the arch axis into divisions having a constant j The 

method to be given will be used in the andi design which follows. 

Fig. 18 illustrates the method in detail. A B is drawn to any 
convenient scales equal in length to one-half the arch axis. The 
curve FjF is then drawn through points whose ordinates are the 
values / and whose abscussas are the corres})on(ling distan(;(^s 
along the arch axis from i.he skewback. (In order to make tlui 
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determine the curve EF are not shown.) A length All is t hen 
assumed, a perpendicular LC erected at its center, and the lines 
AC and CH determined. Starting from point H, lines are drawn 
parallel alternately to AC and CH, as shown in Fig. 18. Oidy 
three or four trials will usually be required to divide the lim; 
AB into the desired number of divisions. The base of eacih tri- 
angle thus formed corresponds to s and its altitude to I. Since' 

all the triangles are similar by construction, the term ^ is (con- 
stant throughout. 

A convenient modification of the above method is to draw a 
second curve E'F' below AB, using the same ordinates as for EF. 
AH is then assumed as before and the perpendicular CC' erected 
at its center. Starting with C', diagonals and verticals are drawn 
alternately making the diagonals parallel to AC. This method 



Distance 01003 Axis 
■from Skewbock 


Fig. 18 . 


offers the advantage of drawing all the diagonals parallel to tlu' 
same line. 

16. Loadings to Use in Computations.— Small earth-filled 
arches should be designed at least for uniform live load over t lu* 
whole span and the half-span. Large earth-filled anches and 
arches having the roadway supported on spandrel aridu's or 
spandrel columns should be designed for live load ov(cr om- 
tlmd of the span, one-half of the span, two-thirds of the span i lu' 
whole span the middle third of the span, and the end thirds of 
tnmXrd- loadingsare only approximations to f,h(‘ 

In ri- produce the maximum stresses. The exact. 

te Sinfl maximum conditions may be found by tluc 

use of influence lines, as will be eynlmnnH in xr 
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temperature range in concrete structures. Undoubtedly the 
most important are those which have recently been completed 
under the direction of the Engineering Experiment Station at 
Ames, Iowa, on two highway arch bridges of the earth-filled 
type. These experiments^ are described in detail in Bulletin 
No. 30 of the Iowa State College of Agriculture and Mechanic 
Arts where a summary is also given of the other tests that have 
been made on internal temperature variation. 

In the Iowa experiments, thermometers were embedded in 
different parts of the arch ring in such a manner that the ther- 
mometers were in direct contact with the concrete at the depth 
of penetration. Both mercurial soil and electrical resistance 
thermometers were employed. 

The tests of the Squaw Creek arch at Ames extended over the 
greater part of the school years 1909 to 1912. The west arch of 
this bridge was the one tested, it being easy of access. The arch 
is unsymmetrical with a span of 45 ft. and a total rise of 11 ft. 
3 in. at the center of span. 

The tests on the Walnut Street bridge at Des Moines were 
made in 1911 and 1912 — daily readings being taken covering a 
period of 1 year. This bridge is composed of six 68-ft. spans 
with a rise of 11 ft. 6 in. The east arch was selected upon which 
to make the experiments. 

Internal Range in Temperature . — The results on the two 
bridges mentioned were obtained during years in which the 
extreme atmospheric temperatures, both high and low, were the 
greatest recorded for many years. With this in mind, the results 
show that about 75 per cent of the mean atmospheric variation 
would be effective temperature range in a mass of concrete of less 
than 5 or 6 ft. in thickness. The atmospheric mean variation 
at Des Moines was 1(}2°F., 75 per cent of which is 7().r)°F. 
This is only 2.7° less than the average obtained on the Walnut 
Street bridge during the period January to August, 1012, and 
but 2.6° less than the average obtained on the Squaw Creek 
bridge for the same year. 

Heat Generated in Setting . — The results obtained in the Walnut 
Street arch tests show a rise to an av(a‘ag(‘. maximum tempcirature 
of 94.5°F. in an average time of 33 hours after pouring, while other 

1 liy C. S. NIcUoIh and C. li. Mc.CuHoukIk 



results quoted in the bulletin show maximum high tcmjx'ratuiH's 
in setting varying from 100° to 130°F. attained in tinu' iutt^vuls 
of from 18 hours to 8 days after placing. All comsidered, the 
value of 100° may be taken as a safe average of the fund tem- 
perature attained by concrete in setting in structures typical of 
the Walnut Street arch. 

The following is quoted from the bulletin above mention(*d: 

Temperature Variation— “The main point of intere.st in con- 
nection with the temperature rise, due to the stdting action, is 
not so much in the amount of this maximum itself, as in the fa(“t 
that apparently all the subsequent temperature change is a 
drop, the stress-producing variation thus becoming more lU'arly 
equal to the entire temperature range than to one-half of it. 
T his seems to be the conclusion drawn by Mr. Merriman (from 
his experiments on the Boonton dam), who says: 'If th(^ maxi- 
mum temperature attained is 100°F., then the stresw-producing 
range is the difference between 100°F. and the lowest temperature 
subsequently attained.’ 

“While at first thought the above conclusion would seem to 
apply also to concrete arch structures typical of the oiu's herein 
described, yet the following facts demand our consid<‘ration. 
The sheer drop in temperature during the first season might induce 
stresses in the steel of the arch ring exceeding the elastic; limit, 
thus producing a permanent set in the steel. This would operat c; 
to raise the elastic limit of the material in the dir(>ction of the; 
stress (tension) to about the point of greatest stress, and produce; 
in the arch ring a permanent deformation. The tempcTut urc* of 
zero stress would then be, not the initial temperature’, hut the; 
temperature which originally produced an elongation or distor- 
tion in the steel equal to the permanent set. During the* subse- 
quent seasonal variations, the variation of temperature; would lx; 
each way from this new mean. Thus the temperature; variat ion 
would be reduced to a value more nearly equal to one-half of the; 
temperature range than to the whole range. On the other 
hand, the elongation of the steel might be so locedized id the 

pomt of greatest bending as to cause an unsightly creie-k in lhe> 
concrete. 


In the Walnut Street arch a temperature drop of the end ire- 
range, 87.6°F. plus the entire dead load and rib shortening ciiuse- ei 
s ress m the steel less than the elastic limit of the mate-riid. As 
a result, there are as yet no cracks in the structure, although it 
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has passed through a season of maxiinuin external temperature 
variation. 

^'In the Squaw Creek bridge at Ames, a temperature drop of 
80° or even 60° will stress the steel at the spring-line above the 
elastic limit, with the result that at three of the four corners of the 
structure there are unsightly cracks at the exact point of com- 
puted maximum stress. If this cracking is due to a permanent 
set in the steel, the effective stress-producing variation is now 
probably each way from a mean corresponding to the amount of 
the set produced, and the stresses consequently much lower than 
during the first year. 

^^In the Locust Street bridge at Des Moines, the steel is also 
stressed above the elastic limit with a sheer temperature drop 
equal to the range, and in proof of the theory above advanced, 
there are cracks at the crown of both the shore spans at the points 
where a theoretical elongation in the steel corresponds to a 
temperature drop. 

^In spandrel-filled arches it is doubtful if at the coldest period 
much of the dead load, aside from that of the concrete itself, 
comes upon the structure by reason of the arching action of the 
partially frozen fill. However the amount of the arching action 
is problematical. This might tend to reduce the mathematical 
stresses produced by the application of all forces. 

Effect of Atmospheric Temperature . — '^It will be noted that the 
range during the first seasonal variations, which include the high 
temperatures of setting, exceeded the subsequent seasonal range 
by about 10 per cent of the former. It is obvious that had the 
concrete been placed at any other than the extreme high tem- 
perature of summer, the heat of setting would have been dissi- 
pated to a greater extent, and the range would have been less. 
This is illustrated by a comparison of the setting temperatures 
attained in different latitudes. The experiments in the tropical 
Panama climate showed a rise exceeding those of this country 
by from 10° to 30°. Other conditions being equal, a temperature 
more nearly normal would seem to be better for the concreting of 
arch structures typical of the ones herein described. 

Lag . — ^^The da,ta on the lag s(Huri to show that in structures of 
this type the minimum tcmiperatures are attairnal in tinn^ 
intervals anywluua^ from less than 1 day to 4 days aft-cn* tlu^ 
atmospheric minimum. This interval depends ui)on th(‘ posi- 



tion of the portion of the fitructure cotisidcrcti, utnl in roughly 
proportional to the distance from the iieurest exiiusetl face.” 

Agreemerd with Theory —Levi-'h wer<‘ taken ov«‘r the .arch rings 
of both bridges from time to time to determine the rise atid fall 
of the arch ring with variations in temiwrature. It was found 
that when uninfluenced by other factors than atmospheric vari- 
ation, the rise and fall agreed quite closelj- with theory. 

Conclusions as to Necessary Provision for Tinifuritturr (’hnngvs. 
— The writers of the bulletin concluded from the foregoing re- 
sults and considerations that “to render an arch .«f ructurally 
safe, provision should be made (in the latitude when* tin* bridge 
tests were conducted) for stresses induced by a temp(*ralure 
variation of at least 40°F. each way from an assum**d temperature 
of no stress. Particular circumstances may demand f hat a gn*utt*r 
variation be used for drop in temperature to prev<*nt the* ap- 
pearance of cracks. This will always r(*mnin larg<*ly a tnatter 
of judgment with the designing engine(*r.” 

18 . Shrinkage Stresses Due to Setting.' — In ar<*h(‘8 con- 
structed in longitudinal ribs, shrinkage in thtj concrete due to 
setting tends to deform the arch ring in a manm'r Himiiar to that 
resulting from a temperature drop. A low(*rinK of the t(*m- 
perature, however, causes contraction of botli steel and con- 
crete, while with shrinkage the concrete alom* is c(uif ra<*f cd. A.s 
the concrete contracts, the steel is compreHS(*d until an e(|uilib- 
riumis established between the compression in the steel and thi* 
tension in the concrete which entirely re-strains further .shrinkage 
of the mass. 

The contraction which results from shrinkage causes a down- 
ward deflection of the arch ring, which induces bending stres.scs. 
One side of the arch ring is thrown into ten,sion ami tin* other 
side into compression. On the one side tlie tension in the steel 
IS offset by the compression due directly to shrinkage. On 
the other side the compressive effects in the stf'cl an* aiiditivc, 

enckng to throw quite heavy compressives stresses in I la* 
reinforcement. 


The primary effect of shrinkage and the liending efTect <luc to 
ttie same cause must be considered in the (ioncn-tc as well. 'I'lie 
f tension, but the bending stresses which result 

Iowa Engineering Experf^enmaS, by from Hnllrtin Xa no of f 
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In connection with the temperature range experiments on the 
Walnut Street bridge described in the preceding article, observa- 
tions were made on a block of concrete 36 in. long, 10 in. wide, 
and 6 in. deep, cast at the same time as the arch ring on the east 
arch. The object of these measurements was to determine 
the change in dimensions of the concrete during the period of 
setting. The block was of a 1:2:4 mixture, cast wet, and un- 
reinforced. The measurements, made at a constantly-maintained 
room temperature of 72° for 100 days, showed a shrinkage of 
0.04 per cent. This is somewhat less than the results of Mr. 
A. T. Goldbeck (see Concrete Age, August, 1911), who arrived 
at a coefficient of shrinkage of about 0.0005. 

It is possible theoretically to determine the stresses in steel 
and concrete due directly to shrinkage. If we let c denote the 
coefficient of contraction of the concrete, the contraction per unit 
length of the reinforced section may be expressed as follows: 

, ^ ^ 

~ ^ E". 

Now, for equilibrium, 

fc = p/'a 


From these equations we get 


fc die 

" p 


np 
1 + 


The contraction of the reinforced section may he found by the 
formula 


Cr 


f's 

E.’ 


or Ct 


c 

1 + 'np 


which is, of course, somewhat less than that of an unreinforced 
sec.tion. It is this contj-action wliich causes the downward 
d(ifi(‘ction of the arch ring and (?auses bending stresses through- 
out. Formulas may be det(a*mined for thrust, sluair, and moment 
due to this bending, in the same manner as d(^scribed for tem- 
perature in Art. 13. 

Th(' following tabk^s hav(^ b(‘(‘n ta,k(*n from Bulkdin No. 30 
of th(‘ Iowa IhigiiUMa’ing iOxjxa-iiiuait. Station. Th(\y give the 
shrinkage' st,r*(‘ss(‘s in tk(‘ Wn.lmif. Str^M'.t n.r*rh bn.snd noon t,he 
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above theory. A value of 0.0004 was taken for c whicli gav(‘ an 
average value of c, = O.OOOSf . 


STRESSES AT CROWN 



Stress in steel 

i 

StTCHS in 

(*on(‘rete 

Condition of loading 

Maximum 
tension j 

Maximum j 
compres- 
sion 

Maximum 

tension 

Maximum 

eompren- 

sitm 

— “ 1 

Dead load and shrinkage 

. 7,400 

6,400 

None 

513 

Dead load only 

-2,000 

3,130 

-130 

213 

Effect of shrinkage bending. . . . 

9,400 ! 

3,270 

130 

31H 

Primary effect of shrinkage 

Net maximum stress induced by 

-10,000 

10,000 

130 

-130 

shrinkage 

None 

13,270 

130 

1 IBS 

! 


— Indicates stress of opposite kind. 


STRESSES AT SPRINGING LINIC 



Stress in steel j 

Stress in eonerete 

1 

1 

Condition of loading 

Maximum 

tension 

Maximum 

compres- 

sion 

. Maximum 

Maximum 
, . eomprcH- 

teusiou 

Hion 

Dead load and shrinkage 

j 

4,200 

2,950 

None 

21H 

Dead load only 

None 

1,500 

1 None 

no 

Effect of shrinkage bending 

4,200 

1,450 

i Non(‘ 

' lOH 

Primary effect of shrinkage 

Net maximum stresses induced 

-10,250 

i 10,250 

' 121 

121 

by shrinkage 

None 

1 

11,700 

121 

Nom‘ 


— Indicates stress of opposite kind. 


From the tables the most serious results s(Hnn to lx* the liigli 
compressive stresses induced in the steel reinforeenumt. 'I’he 
ordinary compressive stresses in the steel of arcih rings, ho\V(“ver, 
due to dead and live load, temperature, and rib short(“niug iir(“ 
usually low and, unless these stresses approach tlu' allowable* 
value, the effect of shrinkage need not be considered, d'lu; 
Walnut Street arch has a high percentage of steel and the taleles 
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seem to show that in arches lightly reinforced the compressive 
stresses in the concrete may need to be investigated. 

The above discussion is instructive but should not be taken too 
seriously. For example, it is doubtful if such large initial stresses 
occur in concrete (restrained by reinforcing material only) as is 
represented by a value of Cr = 0.0003^. Considfere in his ex- 
periments observed a contraction in 1 : 3 mortar reinforced with 5| 
per cent of steel to be only 0.01 per cent, or one-fifth the amount 
his tests showed on plain mortar. By the preceding formulas 
a contraction of about 0.03 per cent could be expected. It is 
reasonable, then, to conclude that a gradual adjustment takes 
place in the concrete during the process of hardening which re- 
sults in less internal stress than theory would indicate. It is 
also unlikely that the shrinkage in any actual structure would 
be as great as that found on the laboratory specimen. In- 
vestigations of the actual shrinkage in concrete arch bridges will 
be needed before any very exact computations can be made 
for shrinkage stresses. 

19, Deflection at Any Point. — The deflection at any point in 
an arch may be found by Formula (2), Art. 11, or 

-ii 

The arch should be assumed as cut at the point in question, and 
either portion of the arch may be considered. The cantilever 
selected should be subjected to exactly the same forces as exist in 
the arch itself. 

If the deflection of the crown of asymmetrical arch is desired, 
the value of M due to loading for any section of the left cantilever 
may be found from Formula (7), Art. 14; or, substituting this 
value in the above equation, we have 

Ay = — (Mc'I^x + Hc^xy -f — llmr^x) 

rjci 

For temperature changes, Formula (11) of Art. 14 may be sub- 
stituted in place of Formula (7), or 

+ Hc^xy) 

__ tctrjlinh^xy — Zxl^y) 


nr 
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REINFORCED CONCRETE CON ET RUCTION 

20. Reliability of the Elastic Theory.- ForiimliiH h;is(><l (»ii (ho 
elastic theory and actual experiments on archi's ha%-(' boon found 
to give results which agree within practical limits. Whatever 
error occurs in applying the formulas is du(( chitdly to tlui inac- 
curate assumption that the entire cro.ss-s«;t ion of (ho con<‘r(d.e 
of each section of the arch ring is effective and that th(> location 
of the neutral axis, due to bending only, does not ohang*' through- 
out the arch. The neutral axis without any doubt shifts almut 
under the action of different loads (see Art. .‘It), Volunn* I) and, 
as the elastic theory assumes the bending to tak(‘ place* aboeit the 
neutral axis of each element (see Fig. 13), th(^ values of a: and y 
should properly be measured to some kind of an undulating curve. 
This curve, however, cannot be determined conveniently, .so that 
the assumption is made in arch analysis that the arch axis passes 
through the neutral axis of each section. This is undoubt('dly 
far from the truth where tension occurs and tlui st(‘cl t ak<‘s all t he 
tensile stress. Such a condition of stre.s8 is limited, hovv(‘V<m, to 
small isolated portions of the span and the error in the* total residt 
is undoubtedly small. 

A comparison of some theoretical and experimental r<‘sul(s on 
arches is given in the Railroad Age Gazette, March 2t), 1 itOO, in an 
article by Malverd A. Howe entitled “Experinu'ntal Verification 
of Arch Formulas.” 

Attention should be called to the uncertainty as to t Ik* fixedness 
of the ends of the arch. This uncertainty can be re.duei‘d or 
entirely eliminated by taking the skewhaek for purposes of 
analysis at a plane where the ends of the arch are virtually fix(‘d. 
Whenever the abutments are of such a form that there is no 
pronounced change of section at the springing lines, th(*n the 
analysis should include the whole structure* down to ( hee ixeint 
where the distortion due to the live load on the* arch will Ixe 
inappreciable. In some cases this may bo the veuy bot tom of t hee 
abutment. 

21. Method of Procedure in Arch-ring Design. - I'he m.-iin 
steps that need to be taken in the design of an arch ring may be 
enumerated as follows: 

1. Assume a thickness for the arch ring at the crown and at 
the springing, using empirical formulas, if desired, as an aid to t he 
judgment. 

2. Lay out the curve assumed for the intrados. 
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3. Lay out a curve for the extrados to give as nearly as possible 
the assumed ring thickness at the springing. 

4. Draw the arch axis between the extrados and intrados. 

5. Divide the arch axis into an even number of divisions 

such that the ratio j is constant for all. 

6. Compute the dead and live loads, and indicate these loads 
properly on the drawing. 

7. Compute Hcj Vc, and Me at the crown for the different 
conditions of loading. 

8. Draw the force polygons for the different conditions of 
loading and the corresponding equilibrium polygons, or lines of 
pressure. 

9. Determine the thrusts, shears, bending- moments, and 

s 

eccentric distances at the centers of the j divisions of the arch 

ring for the different conditions of loading. 

10. Compute the thrust and moment at the crown due to 
variation in temperature; also the moments on the various sec- 
tions, and the corresponding thrusts and shears by resolving the 
crown thrust into tangential and radial components. 

11. Where necessary, compute the thrust and moment at the 
crown, and the thrust, shear, and moment at various sections due 
to rib shortening. 

12. Combine the thrusts, shears, and moments due to the 
different conditions of loading with the thrusts, shears, and 
moments due to temperature and rib shortening. (The results 
usually show that the shearing unit stresses are very small and 
need not be considered.) 

13. Compute the maximum stresses — compression in the con- 
crete and tension in the steel — due to the thrusts and moments. 
If the stresses arc either too small or too large, the dimensions or 
even the shape of the arch ring must be changed and the com- 
putations repeated. 

Note .^ — A book of multiplication tables such as Dr. A. L. 
Crellc^s Rechentafeln is convenient when making computations 
in arch analysis. The student is advised to procure a book of 
this nature. 

22. Skew Arches. — Skew arches may be treated exactly as 
right arches, the span being taken parallel to the center line of 
roadwav and not at riaht andes to the SDrindne lines of the arch. 


CHAPTER IV 

DESIGN OF AN EARTH-FILLED ARCH BIMDCIR 


23. Data.— It is proposed to design an el(H‘tri<‘-railway arch 
bridge in accordance with the following data: 

Rise, 9 ft. 0 in. 

Span, 48 ft. 0 in. 

Depth of earth filling over crown, 12 in. 

Depth of ballast above earth filling (at (Town) to base of 
rail, 16 in. 

Dead load: 

Earth filling, 120 lb. per cubic foot. 

Concrete, including reinforcement, 150 lb. per eul)ie foot. 
Ballast, ties, and rails, 150 lb. per square foot of roadway. 

Live load: 

A uniform load equivalent to 50-ton eha^tric ears in train. 
In view of the considerations presentcsl in Art. 7, it will 
be sufficiently accurate and on the saf(‘ sid(^ to (*onsid(T 
a uniform load of 200 lb. per square foot c^xtcuuling over 
a 12-ft. width of arch at the crown. Liva* load will he 
applied over only the whole span and half-span. Xo 
allowance will be made for impact. 

Latitude of Ames, Iowa. 

Conditions of calculations: 

fc = 600 lb. per square inch in arch ring for a I :2 :4 
concrete— temperature variation of 4{f h\ viwh way 
from an assumed temperature of no str(‘ss. 
fs — 16,000 lb. per square inch— temp(‘ratur(‘ variation 
of 40 F. each way from an assuincMl t(‘nq)eraturc‘ 
of no stress. 

Es = 30,000,000 lb. per square inch. 

Ec = 2,000,000 lb. per square inch. 
n = 15. 

Allowable pressure on foundations shall not cxcoc'd 5 tons 

2)er SOllflTA fnrkf 
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Steel in the arch ring will be placed in two layers — one layer 
near the intrados and the other a corresponding distance from the 
extrados. The writer can give no assurance that the steel ar- 
rangement to be used in this design does not infringe one or more 
of the existing patents on concrete bridges. Assurance of this 
nature would be unwise since engineers well versed in patent 
law claim that an efficient, safe, and economical concrete arch 
bridge cannot be designed at the present time without patent 
infringement- In this connection the reader is urged to study 
carefully Chapter XII of this volume. 

24. Selection of the Trial Arch. — A trial depth of 9 in. will 
be taken at the crown with a radial depth of 21 in. at the spring- 
ing. The arch assumed is shown on Designing Sheet No. 1. As 
explained in Art. 4, the intrados for an earth-filled arch with a 
ratio of rise to span of less than one-fourth will lie between an 
ellipse and a segment of a circle, and the trial shape of arch ring 
must be chosen according to judgment. 

26. Dead Loads and Their Action Lines. — Now that the trial 
arch ring has been assumed, the dead loads may be determined. 


E 



The earth filling and ballast, ties, and rails should first be 
reduced to an equivalent height of masonry, as shown in Fig. 19. 
For example, since the earth filling reaches 1 ft. a}:)ove the ex- 
trados at the crown, the vertical distance ah should l)e laid off 
120 

equal to = 0.8 ft. In a similar manner the distance he 

150 

should be laid off equal to = 1 ft. Points d and/ should he 
determined for the loading at c, and similar i)oints should also 
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being taken to fully determine the curved line /<■. 'Phis line is 

called the rediwcod-ioai contour. r •! ii i* ir 

The arch with its load should now be divided by vertu^iil lines 
into trapezoids, or what axe nearly so. For teHting thi^ trml an* 
by the approximate method (to be proBented in tht^ ftdlownig 
article) the horizontal distance between springing InieH may be 
conveniently divided into divisions of equal horizontal Icmgth and, 

. for the trial arch at hand, the number will lie made sixtiaai, 
that is, eight divisions on each side of the crown. 

The next step is to determine the area and amUr of gravity of 
each trapezoid. With the area known, the load eorrc^sponding to 
each trapezoid is found by multiplying by the weiglit of a ciiliic 
foot of concrete. (The student must carefully bc^ai in mind that 
the arch considered is included between two longitiuiinal verti(‘al 
planes 1 ft. apart.) The center of gravity for eadi of the 
trapezoids may be found as follows: Extend AB (I^ig. HI) bo 
that BE = CD, and in the opposite direction extend (U) m that 
CF = AB. The intersection of EF and the median 67/ ib the 
center of gravity sought. 

26. Approximate Method of Testing Trial Arch.— Sim‘e thc^ 
dead load of earth-filled arches usually controln the shapes of tla^ 
arch ring, the next step will be the testing of the trial ar(*h for 
this loading, employing an approximate graphical imdliod. In 
the method referred to, that form of arch in which tlu' line of 
pressure and the arch axis most closely approach (‘ach otln^r in 
considered to be the best that can be designed. A f(‘w wordn 
of explanation are needed for the student to undcu'Btund tla^ 
limits of this method. 

There are two classes of theories of the stability of tlie masonry 
arch — the line-of-thrust theories and the elastic thcori(‘S. Tht^ 
line-of-thrust theories do not consider the clast prop(*rti(^s 
of the material and are usually employed for aridies made up 
of wedge-shaped stones, called voussoirs. For instamH^ sioiu^ 
arches are generally calculated by these theories and ihc‘ stability 
of the arch ring is considered as depending upon the friction and 
the reaction between the several arch stones. Various assump- 
tions are made in arriving at these different line-of-thrust. t lH‘ori(‘S, 
and the results derived from them are not so accurate^ as wIh'ih^, 
the elastic properties of the material are employed. Tlu^y may 
be made use of, however, in determining the proper shapes of tlu^ 
arch ring before applying the elastic theory to monnlif ltO* 
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or even before applying the elastic theory to voussoir arches, 
since any voussoir arch, whether of stone or brick, will act as an 
elastic arch as long as the line of resistance remains within the 
middle third. 

A line-of-thrust theory by Winkler may be stated in a general 
way as follows: '^The true line of pressure is the one lying near- 
est to the center line of the arch ring.’’ The proof of this theorem 
depends on the assumption that the load is vertical, that the 
equilibrium polygon coincides with the line of pressure, and that 
the arch ring has a constant cross-section. This theorem for an 
earth-filled arch will evidently be more reliable the flatter the 
arch, since for such a type of arch the less are the conjugate 
horizontal forces produced on the arch ring by the earth filling. 
The matter of regarding the equilibrium polygon as coinciding 
with the line of pressure is assumed in all theories, but a con- 
stant cross-section of the arch ring is not usually the case in 
practice and generally increases, as it should, toward the spring- 
ing as the thrust increases. 

Now if an equilibrium polygon be passed through the centers of 
the arch ring at the crown and springing, this line will be very 
near the true line of pressure. In the trial arch mentioned 
above, if the equilibrium polygon and the arch axis do not 
closely approach each other there will surely be another shape of 
arch ring which will fulfill this condition, and hence have prob- 
ably lower maximum stresses resulting from the live and dead 
loads. Thus, the method of obtaining the best form of arch is 
to find for what form the line of pressure for the dead load and 
the arch axis most nearly coincide. It should be clear that this 
method will aid us in getting pretty near, at any rate, to the 
proper form for the arch before applying the elastic theory. 

In order to pass an equilibrium polygon through the centers of 
the arch ring at the crown and springing, the load line should 
first be laid off as shown on Designing Sheet No. 1 and then any 
convenient pole O' selected in the horizontal through the point k 
in the load line, this point representing the end of the load 
nearest the crown. The next step is to draw the rays to the 
force polygon and then construct the corresponding equilibrium 
polygon beginning at the center of the arch ring at the skewback 
(point A). If now the first and last strings are prolonged to an 
intersection at B, a vertical line is determined which contains the 
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The equrnbrium polygon which wo huv*' const rn.qo.! .loos not 
pass through the center of the arch ring at tlio cr.nvn ami is not 
the one required. We do know, however, that the iirst string 
which passes through A must intersi-ct the last string in the 
vertical through B and that the last string must Isi horizontal 
due to symmetrical loading. Drawing a huriz.mt al line t hnmgh 
the center of the arch ring at the crown determines the [Kiint C 
which is the intersection of the first and last st rings of the 
equilibrium polygon required. A line drawn through m of the 
force diagram parallel to CA determint‘s the true pole (> on the 
horizontal through fc. Ifthc force diagram is now .•omph‘fed for 
this pole, the required equilibrium fsilygon may lie easily drawn. 
The line of pressure is seen to follow the arc-h u.xis very closely 
and the trial arch will be accepted for analysis. 

In both preliminary and final analysis the arch ring should lie 
laid out to a scale of 1 in. = 3 ft., and care should 1 h‘ used in the 
drafting work so as to have the dimensions exact and tin* lines 
sharp. 

s 

27. Division of Arch Ring for Constant j, 'riu* of 

.V , 

dividing the arch ring into divisions having (‘(niHt ant ^ is givon on 

Designing Sheet No. 2, and the diviaions theinH<‘lvf*s arc* shown 
on Designing Sheet No. 4. The proeedun^ should he vhmr from a 
study of Art. 15. 

28. Moments and Thrusts. — A complete ned of formulae, an 
shown on Designing Sheet No. 3, should lie at hand h(‘fon‘ starting 
the arch analysis. The notes on this slua^t an‘ given for eoii”- 
venience and may aid in preventing errors dm* tot he* nsi* of wrong 
algebraic signs. The formulas show, first of all. that the {‘anti- 
lever bending moments are required at tin* {‘ent<‘rs of tin* ^ 

divisions caused by the given external loads (eonsidfu'ing the* arch 
as two cantilevers). These moments an* foumi on I)(‘signing 
Sheets Nos. 5 and 5A by both algebraic and graphical rnethofls. 
The algebraic method should be clear, hut. tin* graphical or 
equilibrium polygon method of finding tlu‘S(‘ moimuits may m*c‘d 
explanation. 

ACB represents the arch axis and the loud liiu! Ls acb. O is 
any convenient pole on a horizontal liiu' through tlu* iioint r - 
a point on the load line at the junction of tlu* crown loads /'». 
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The equilibrium polygon corresponding is mnop and, since Oc = H is 
horizontal, the segment no is horizontal, and the desired bending 
moment at any point such as 5 is equal to the intercept on the 
vertical through this point (included between the equilibrium 
polygon and the horizontal line no produced) multiplied by the 
pole distance H , ov m = Hks^ 

If desired, the cantilever moments due to live loading may be 
found somewhat more accurately than indicated in Designing 
Sheet No. 5. This may be done either by drawing the parabolic 
curve for moment due to uniform loading or by computing the 

s 

value of the live moment at the center of each j division in the 

same manner as for any point in a simple cantilever beam. 

Designing Sheet No. 4 shows that the dead load is divided 
into separate forces in a different manner than in the preliminary 
analysis of the arch. This second division of the dead-load forces 
is not common in practice since, theoretically, there is no rela- 
tion between the divisions of the arch ring and the points of 
application of the loads, the only requirement being to have 
such a small subdivision of the arch ring and of the load that 
the errors of approximation may be neglected. It seems to the 
writer, however, that taking the separating load-planes through 

the centers of the j divisions results in more accurate values of the 

bending moments, which actually bend the separate elements of 
the arch ring, than are obtained by the common method of load 
subdivision. Besides, the usual division of the arch requires the 
perpendicular distance from the arch axis to the line of pressure 
at a division point to be measured at or near the load, and this 
is a most unfortunate selection if the eccentric distances at the 
sections are to be checked graphically. The load arrangement 
here proposed eliminates any error in scaling these distances, 
since between load points the equilibrium polygon and line of 
pressure coincide. 

The live and dead loads near the crown act practically in tlie 
same vertical line and hence no scnsi])lo error results from 
assuming them to do so. Near the springing, however, where 
the horizontal distance between division points is considerable, 
the live and dead loads may need to be considered separately. 
In the arch in question a separation of dead and live load is made 
between division points 1 and 2. 
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Moments and thrusts for the different conditions of loiidinK and 
for temperature and rib shortening are given on Designing Slnn^t 
No. 6. The writer has tried to arrange the results on this slu'et 
in such a form that the operations involved will h(> clear and will 
need but httle- explanation. The values of x and y wer(‘ scah'd, 
and the values of m for dead load and for live plus d(>ad load were 
carried forward from Designing Sheet No. 5. The magnitudes 
of the thrusts, N, were scaled from the force polygons on Dc^sign- 
ing Sheet No. 4, and the computed eccentricities used simply 
as a check on the resultant line of pres-surc determined from th(i 
computations. The values of M and N for rib shorteming were 
obtained directly from the moments and thrusts due to a fall of 
temperature by multiplying by the decimal 0.337. 

In finding the average unit compression in the concrete due 
to thrust, only the total thrusts caused by dead loud plus live 
load on right half of span have been considered, and these* oidy at 
five sections of the arch ring. For light arches, su<‘h as the one 
we are designing, this method is sufficiently ac(‘urat(i for all 
practical purposes. For heavy arches, however, the <*fT(‘ct of 
temperature (rise and fall) and rib shortening may nee<l to be 
taken into account. There are two cases to Ih; considere<I in 
such arches: (A) That due to dead load, live load, fall of tem- 
perature, and rib shortening; and (B) that due to dc'ud lojid, live 
load, rise of temperature, and rib shortening. The* nu'tliod of 
finding the average unit compression in this mor<i accurate; 
manner will be shown by making the computations for the* eire-h in 
question, adopting the same position of the live loael as i)r<;vie)usly 
mentioned, 


Case A. Assume Ca = 155 lb. per square; ine-h. 


- -(Q-016)(155)(144)(49.2)(8) 


- = - 287 lb. 


Ca tat crown) 


22,400 - 890 - 287 

(l)t0.75') 4- 0.092“ ~ 25,2.50 lb. per seimire- feeeet. 


(1)(0.75) + 0.092“ ~ ‘O- per sepu 

4(23,600 + 23,900) - 850 - Jf’!I(2H7) 


Ca (at point 3) = — — 

(1) (0.80) + 0.092 

= 25,400 11). per foot. 

1(29,200 + 31,600) - 620 - ^“(287) 

Ca (at springing) = — ^00 ^ 

(1)(1.75) + 0.092 
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Ca (for arch) = 


25,250 + 25,400 + 16,050 


= 22,200 lb. per 

square foot. 

(155) (144) = 22,300 lb., assumed value of Ca is satisfactory. 

287) (14.65) , .. 

Me = — g = + 526 ft.-lb. 

Case B. Assume Ca = 160 lb. per square inch. 


= 287) (^) = 296 lb. 


Ca (at crown) = 


22,400 + 890 - 296 
0.842 


= 27,300 lb. per square 
foot. 

850. 


Ca (at point 3) = 


§(23,600 + 23,900) + 850 - |^(296) 


Ca (at springing) = 


0.892 

= 24,300 lb. per square foot. 
§(29,200 + 31,600) + 620 - §|^(296) 
L842 

== 16,700 lb. per square foot. 

, , 27,300 + 24,300 + 16,700 _ „ 

Ca (for arch) == k = 22,700 lb. per square 

foot. 

(160) (144) = 23,000 lb., assumed value of Ca is satisfactory. 

. + 542 
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Pt. 

Live load on 
right half of 
span 

Live 

load 

on 

whole 

span 

1 

Temperature 
(fall of 40°, rise 
of 40°, shears of 
opposite sign) 

Rib 

short- 

ening 

Max. 

shear 

Cross- 

section 

(sq. 

in.) 

Max. 
shear 
(lb. per 
sq. in.) 

Left 

half 

Right 

half 

Cr. 1 

- 820 

- 820 

0 

0 

0 

- 820 

108 

8 


+3200 

+ 1000 

+1300 

-640 

-220 

+3620 

252 

14 

1 

+ 1900 

- 200 

+ 1100 

-535 

-180 

+2255| 

161 

14 

2 

- 200 

-1600 

- 600 

-360 

-120 

-2080 

117 

18 

3 

+ 100 

- 900 

- 300 

-280 

- 95 

-1275 

115 

11 

4 

+ 100 

- 300 

- 100 

-230 

- 80 

- 610 

114 

5 

5 

+ 50 

+ 100 


-175 

- 60 

+ 215 

111 

2 

6 

- 150 

+ 400 


-120 

- 40 

+ 480 

109 

4 

7 

- 400 

+ 600 


- 75 

- 25 

+ 650 

108 

6 

ft 

_ 700 

-1- ftOf) 



— in 

-1- ftir^ 

lOft 

ft 
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It is not customary to dctermiuo tlu! slu'urs ;il tiic <-(‘iif(>rs of 
the j divisions. The shears for the. arch lien^ analyzed aiv giv-mi 

above in order to show the student that the value.s oiitained are 
actually very small. 

29. Combining of Moments and Thrusts. — The method use<l 
in combining moments and thrusts for maximum stresse.s will 
be explained by giving all the computations ms'ded in finding the 
maximum stresses at point 1. Ileference should be imuh' to 
DesigningSheetsNos. band 7. Moments and tlirusts due to a/aif 
of temperature will usually combine with th<^ monumts and t h rusts 
on right half of span (live load on right half of span) to giv<> one 
set of maximum conditions. Moments and thrusts due to a rine 
of temperature will usually combine with the momeids and 
thrusts on left half of span (live load on right half of span) to 
give a second set of maximum conditions. A third set <lue to live 
load on the whole span will need consideration at tlu* crown and 
at sections near the quarter points. It is conveudent to <‘oml)ine 
rib-shortening moments and thrusts with those for temp(>ratur(! 
as a preliminary operation. If the values of dl, .V, and t„ 

(or j) of any given set are lower than eorrc'sjionding values 

in some other set for the same section, then tlu' first -mentioned 
set of values need receive no further consideration, 'riirusts are 
likely to control at the crown and moments near the siiringing. 

The necessary computations in combining momimts and 
thrusts at section 1 are as follows: 


Fall of Temperature: 


M 

.V 


Temp. 


- 710 


R. short. 

-i:i()() 

-.5200 

210 

9.50 

M N 


M 

.V 

-5200 - 950 


-.5200 

9.50 

-5200 28,000 


■4- 900 

81,0.50 

-10,400 27^0^ 


-4.800 

80,700 

Rise of Temperature: 


M 

A' 


Temp. 

-t-390() 

-f710 


R. short. 

-1800 

- 210 
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M 

N 

M 

N 

+2600 

+ 470 

+2600 

+ 470 

+5500 

26,500 

+ 900 

31,650 

+8100 

26,970 

+3500 

32,120 


It is quite evident that the other possible combinations could not 
give maximum conditions. In fact, an experienced designer of 
arches would recognize immediately that the first set only needs 
consideration. The set having a value of M = +8100 ft.-lb. 
should be eliminated at once since the values of ilf, 2V*, and Xo of 
this set are lower than the corresponding values of the first set. 

To comply with some types of specifications it is also nec- 
essary to find the maximum moments and thrusts with those due 
to temperature variation excluded, the idea being not to allow 
the line of pressure to depart from the middle third for such con- 
ditions. The method of doing this should be clear from the 
above example in which the moments and thrusts due to tem- 
perature are taken into account. 

30. Maximum Stresses. — Maximum stresses at each section 
should be found for the entire arch, using Diagrams 13, 14, and 
15 of Volume I, which are based on an embedment of the rods 
from each surface equal to one-tenth the depth. (Diagrams 
for other depths of embedment will be given in Chapter V, but 
these will not be considered here.) In light arches the embed- 
ment near the crown will be proportionately much greater than 
assumed and the stresses as determined by the diagrams of 
Volume I will be lower than the actual. Those sections where 
maximum stress is likely to result should then be again consid- 
ered and the stresses computed accurately by using the formulas 
on Designing Sheet No. 7 which are reproduced from Volume I 
for convenience. The determination of fc must be by trial. 

The method of finding the exact compressive stress at any 
section when tension exists over part of section (Case II) will be 
explained by giving the computations for finding the stress at 
section 1. Since fc = 0.620 for one-tenth eml)edment of the 
rods, a good value to use for a trial would be 0.600. Substituting 
in the formula for A;, this value, however, does not satisfy the 
equation. A value of k = 0.596 is then readily determined. 
Substituting in the formula for L gives a value for this term of 
().1066, Then 


fc = 


(10,400)(12) 


= 540 lb. 
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The steel stresses are evidently very .small ami m*.*.! 1... couiput,.,! 
in but few cases. The concrete stress at .se<-ti<.ns 7, ,uh| s will 
evidently be lower than that in adjoiniiiK .«ccl i.ms ItaviiiM; upj.roxi- 
mately the same value of t. The arch assuuual w.- will eousi,!,.,. 

as satisfactory. , , i t , 

When the stresses in an arch are found to he all(i|^e(h,.r too 
or too large, the dimensioms or even tiu' sliape of th,> -irch 
ring should be changed and the comimtatioms repejit.-.L Sinall 
changes, however, maybe made without retiKuriiin the whole 
arch. For example, the thickne&s of the arch ritin nmy 1 k‘ de- 
creased throughout by changing the moment of inert i.a <.f all 

sections in the same ratio^ — that k, }>y kei^ping j I’tiiistaiif . llik 

may be done since the dead- and liv(*-lc)acl will nniiairi 

sensibly unchanged, and the temperatun* nnd rilHsltorfi^ning 
stresses will be but slightly modifinl. T!ii* paint in tin* andi 
where the unit stress is the greatest nhcnild Uv and the 

depth ^ determined by trial which will give tin* reqiiiri*d allcnvalde 
stress. Of course, this depth should lie fletennined by ecni- 
sidering M, N, and Xo the same as for the tuirliangod >eetiun. 
The depth at every other section, them nnist 1 h* ehangefl hy sin*h 
an amount that the percentage change in ftn* ninnuaif of inertia 
will be a constant throughout the* arch. 

If desired, the modified arch ring may he again fi*vf»*d for 
maximum stresses. This may la* acenmpli.Hhi^tl h\ finding flti* 
new moments due to temperatun* ami rih '-hurnaiing and eenn- 
bining these with the moments dm* tff luading widt h ean lie 
considered to remain unchanged. The* vahu*- t»f the iiionientH 
and thrusts for temperature change will ftr imaia *'d etr tie- 
creased in the same ratio as the value of /. die* \:dnev, uf iho 
moments and thrusts for rih shortenifjg will mrirror cr de- 
crease inversely as /, but obviously net iii tle^ ;uoe reie,. and 
will need to be determined in the saim* inanie'r a > in i le* priw itHis 
computations. 


31. Design of Abutments.-Thc .slutj... nf ahutm.-nt mu^i I,,- 

such that the load on the founiiulidii will imt ia.-,.,.,! dl.iwilili* 

and will be well distributed. The sliap.- ih.-u » ,1! a . um.!.| j, 
shown on Designing Shed No. H. tho tup ,.f ilw .al.ui l.dog 

drawn somewhat above a tangent fothe.Afnuin-ai tl..- !..•»!, ark. 
In general, the so-called lines of iiresMirri|,n.iml) ihr al-utm.uit 

SllOUld hp nrflwrn ... 
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1. Dead load and live load on the half span opposite to the 
abutment. 

2. Dead load and live load on the half span adjacent to the 
abutment, with live load on the abutment. 

3. Dead load and live load over the whole span, with live load 
on the abutment. 

4. In some cases, depending upon the method of procedure 
adopted in arch construction, an analysis should also be made 
for dead load only of the arch ring, without earth fill either above 
or back of the abutment. 

The lines of pressure for all cases should be as near to the center 
of the base as possible in order to obtain a nearly uniform distribu- 
tion of load over the entire foundation. The analysis and design 
of the abutment is given on Designing Sheet No. 8, with the 
exception that for clearness the combination of forces for condi- 
tion (4) is not shown. 

The forces that may act on the foundation consist of (1) the 
reaction of the arch; (2) the weight of the abutment; fS) the 
weight of the earth, ballast, and live load directly above the 
abutment; and (4) the lateral earth pressure. To find the 
maximum lateral earth pressure, the live-load surcharge should 
be determined, also the surcharge due to ballast, ties, and rails. 
The height of the live-load surcharge may be found by dividing 
the live load per square foot by the weight of a cubic foot of 
earth. The surcharge due to ballast, ties, and rails may be 
found in a similar manner. The horizontal pressure on AC' 
when the live load is acting is thus equal to the difference be- 
tween the pressures on AG and C'C, and may be determined by the 
method explained in Art. 3 of Volume II. If we assume an 
equivalent fluid weight of 25 lb. per cubic foot, then this hori- 
zontal pressure 

p = 1(25) (1^2 _ 1^2) 2720 lb. 

and acts at a distance of 

+ (3)(6.90)(12.33| ^ . iq 
3(6.90 -1- 2 X 12.33) 

above the base. Without the live load, P = 2470 lb. and acts at 
practically the same distance above the base as when the live 
load is included. In this design a lateral pressure of 2700 lb. 
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The weight of the prusm of (>urth wlio^f is iidin; 

and thickness 1 ft. is 


(12.33 + 6.90 - 1.00) + 12.:« ^ 


• 12f( Ih. 


The weight of the prism r(*prr.s(>nto(i !.y HKl.C 17,.')(K) ~ 
(9.50) (1.67) (120) = 16,600 11). The <-(‘ 111 . t nf gniviiy <,f thtw 
prisms may be found by the method oii! lim’d in .\m. 2."*. The 
forces representing the weight.s of tin- prisms ai’r pnii-i ic-iHy in 
the same vertical line, and for simplieity hi* .sfnill iisi' a fmcc (,f 
17,500 lb. for both cases acting 4.-1.5 ft. from the inner edge (»f 
abutment. 

The weight of the masonry is n’adiiy found iiy dis iding the 
outline of the abutment into a nmnlMT of tri.uigles arid placing 
the weight represented by a given Iriitngle .at it-, eeiiter of 
gravity. (The center of gravity of .a triangle is .at iJu- inter- 
section of the medians.) The re.sultant of all the vertie.al forces 
acting (including the weight of the prism of earth) m.av then Im 
determined by the principle of moments whi'di is e\pl.aine,i 
fully in Art. 2 of Volume II. The resultant is found to have a 
magnitude of 25,000 lb. and acts -l.iM ft. fr,,,,, the |,a, h edge of 
the abutment. 

Designing Sheet bio. 8 .show.s the luethod ot **omhming forct*s 
to find the thrusts on the foumlation for tiie thie.’ l■omiltions „f 
loading. The maximum and minimum |tri’' Ui<’ Imi an\ loading 
may be obtained by using the formulas of \m o, \,,l,m„. H. 
The true maximum ctiuaLs 


51,200 

7.50 



6 X 0.6.5 
" 7..50 ) 


Hi. lit. |,, = r 


The method of design described ah.,v.’ i . id. iahh .,i, the 
safest e. l^he student should in -i ti... ‘.t 

■' "f 

. per square foot extends ovi’r the . nii!. p, ji „f 

•.•.■’-■’.'Ik 



verv much W m ” ’i" ^'i-’*">-nt is 
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abutment is approached. Some allowance for this condition of 
loading is sometimes made in the abutment design, but since 
the elastic theory fails if the foundation is not unyielding, the 
added factor of safety is not usually considered. 

Many engineers believe (the writer included) that in many, if 
not the majority of cases, the dead and live load per linear foot 
of arch on a strip 1 ft. wide may be determined for purposes 
of analysis as equal to the total dead load plus total live load 
divided by the total width of arch. This loading is adopted on 
the assumption that a 1-ft. strip will not fail separately but 
will be assisted by the adjoining strips so as to produce average 
conditions. 

32. Design of Spandrel Walls. — The details of the spandrel 
walls are shown on Plate I which also gives the complete design 
of bridge. Since cantilever retaining walls would bring inde- 
terminate stresses in the arch near the edges of the ring, which 
would not be at all desirable in such a thin arch, the curtain- 
wall type of construction with cross walls was adopted. The 
method of design is the same as for counterforted retaining walls 
which is explained in Art. 12 of Volume II. 

Expansion joints in the spandrel walls are made at the springing 
lines (in larger arches additional joints should be made through- 
out the span) and may be made mere planes of weakness or as 
actual joints filled with one or more layers of felt or some other 
partially elastic material. Such expansion joints are desirable 
to prevent unsightly cracks due to rise and fall of the arch caused 
by temperature changes. If the arch centers are not struck 
until after the spandrel walls are constructed, then expansion 
joints are also necessary to prevent cracking due to settlement 
of the crown of the arch when the centers are lowered. 

Since an arch bridge with a level coping will always appear 
to sag in the middle, a camber of 4 in. is provided. This slight 
camber, of course, was not considered in the previous loading 
calculations. 

A batter is given to the back of the cantilever retaining 
walls resting on the abutments so as to give a low compressive 
stress per square inch on the abutment concrete, this concrete 
l)eing only a 1:3:6 mixture. The back of the arch and the 
lower parts of the spandrel and cross walls should be water- 
proofed in order to prevent seepage of water through the arch 
ring and to facilitate drainage. 
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Designing Sheet 2. 


Division of Arch 
Measured length of ^ arch a//s= B6.dZ 
5fee! area ^ 0.44 2^ 0.88 sq. in 


Ring for Constant | 


Po- 


0.8^ 


OzX9) 


0. 008/Si 


) 

[crownjj. 


4/4//// 

O.ooeu sq.^ ^ 

is 0.^0.092 




Distance 
along 
the axis 
from skeiYPk 

f 

(-ft) 

i.t? 

C B 

f 

Z 

1 -"' 

ISajt-df 
-IS Is 

Dlsi-ISls 

Division 

lengths of 
divisions to 
make ^ constant 
(by diagram) 

3.00 

1.23 

./ss 

.615 

.448 

.0/9 

. 174 

/ 

8.00 

4. SO 

1.07 

.102 

.535 

.368 

.0/2 

. //4 

2 

3.23 

6.00 

.92 

.065 

.460 

.293 

.008 

. 073 

3 

2.91 

7. SO 

.86 

.053 

.430 

.263 

.006 

.059 

4 

i 2.74 

9.00 

.83 

.048 

.4/5 

.248 

.006 

.054 

5 

2.60 

10. SO 

.62 

.046 

.410 

.243 

.005 

.05/ 

6 

2.52 

iz.oo 

.80 

.045 

.400 

.233' 

.005 

. 048 

7 ' 

2.44 

15.00 

.78 

.040 

.390 

.223 

.005 

.045 

8 

2.38 

18.00 

.77 

. 038 

.385 

.218 

.004 

. 042 



21.00 

.76 

.037 

.380 

.2/3 

.004 

. 04/ 

is 0.0/9 

24. 00 

.7B 

.035 

.375 

.208 

.004 

. 039 

s 

(from diagram) 

26.82 

.IB 

.025 

.375 

,208 

.004 

. 039 





Formulas Required 




Lccefin^: 






I- lIII!iZJ!!ilL 

Ztx^ 


( 4 ) 


m 


Zn^ 

Me* Hey i- 

M^Mei‘Hcy- f^r^/77^ 


m) 

(f) 

fi) 


refer 


':rzsi,zT^:ztzs: 


Temperature t 


H ^ 
H,. _. 




* 


.Ml 
% 

M~>Mc*Hey 


' % shouM be 

inmrtmfm t 
"^arm} . 
* 7tr or Hiw, J 


0J 


OQJ 

(HJ 


(HJ 

Aro inp, Signs '”"’<* C-) 

f^muhd). Sign prKKUm L Inibrmubim J^ '"^ ^ «' 

0 '■1st. scan Sfenh mis. or* oToppmw usn -frm Itmtibr 

^^orfenmji 




K%^y^-(Xyy] 

*fc^-Ml 

^h cm 

Vf 

M moments and fhrus-ht ^ 

temperature ta!! ■/ <• are of %am» * j. 

^''' <- span Of arch axis, ^ ^ ^ 
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Cantilever Momerrte 


('Algebraic Method) Designing Sheet 





Dead Load • 

Dead Load plus 

L-ve Lead 

Point 

Hon 

dist. 

from 

cmr\ 

Hon 

distance 

between 

points 

Dead 

Loads 

Summation 

of 

Dead 

Loads 

Increment 

of 

Moment 
( Dead) 

Moments 

(Dead) 

Live 

Loads 

Sum* 

of 

Live 

Loads 

Increment 

of 

moment 

Ltvt Lacd 

’en+9 

LL*DL 


Nr 


460 

460 



240 

240 





I Q 

/J9 

.58 



270 

210 



140 

140 

4'0 









ZAl 

1.22 

940 

1400 

560 

■830 

480 

720 



430 








3.$0 

1.19 



1670 

2500 



860 

nm 

37^ 

7 









4.87 

1.27 

1020 

2420 

1180 

4280 

490 

1210 

910 

ZZOO 







; 6 

$.07 

1.20 



2900 

1180 



1450 

3650 

mw 









7.37 

1.50 

1.140 

2560 

3150 

10330 

500 

mo 

1670 

5220 


§ 






5 

8.S7 

1.20 




14600 

mil 


mmm 

7270 

21870 









9.89 

1.32 

1320 

■ 4880 

- 4700 

moo 

510 

2220 


9530 






■4 

11. JZ 

1.23 



6000 

25300 



2730 

12260 

3 NiO 









list 

1.39 

1640 

.6520 

6180 

32080 

540 

2760 

3990 

ISISO 1 






Z 

list 

1.31 



8540 

40620 



3620 

.... '' 









18970 


p 

15.28 

1.46 

2060 

8580 

9520 

50140 

670 

3330 

4030 

23000 \ 







2 

!$.$$ 

1.38 



~ 11840. 

61980 




27$W 

89580 








p. 

19.2$ 

2.60 

4710 

13350 . 

22310 

84290 







V 









19.09 

2.43 





p^m 

4300 

8090 

35690 


01 







j 

2/. S3 




30300 

114590 



'~)0490 

46180 

IbO 170 


8i2.44 







p 

22.8$ 

1.33 

3280 

16630 

11160 

132350 

490 

4790 

■”57^0 

513QQ 






fa^ 

\24,SS 

L$9 

1560 

18190'^ 

28100 

160450 

220 


’^8/OQ 

mm 





5010 




Tri — J 1 L_, U I 

Z4.5S 18 160450"^ SOIO'^ $0000'' 

izsM){m)» so 10'^ 


Cantiie\'er Moments 

{6raphical Method) Designing Sheet 5(A) 



0U£- 





MOMENTS AND THRUSTS Dcsigninq Sheet 6 
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Maximum Stresses 


Desrgning Sheet 7- 


Point 

t 

Po 

Combination of Moments and Thrusts 
and Resulting presses 


M 

N 

Xo 

t 

fc 

■^s 

Crown 

o.is 

.00815 

*'-tZI30 

250/0 

JI3 (-f) 

'*335 


Springing 

us 

.0035 

rzOBOO 

*‘ri4700 

290/0 

25310 

.40! (r) 

' .238 (r) 

47Z 

6/00 

~XQCt540U 

2800 

/ 

LIZ 

.0054 

-10400 

27050 

.342 (f) 

• 5/^ 

Z 

0.81 

.0075 

*-3700 

27700 

.165 (f) 

*408 


3 

0.80 

.0076 

+ Z700 

24460 

./26 (r) 



4 

0.79 

.0077 

+ 4100 

22/50 

.235 (f) 


racFssL 

5 

0.77 

.0079 

+ SZ00 
-3200 

2/640 

22420 

.312 (f) 
.177 (r) 

508 

37/ 


6 

0.7$ 

.0080 

-4400 

23230 

.249 (r) 

458 


7 

0.75 

.0031 

-4200 

23090 

.243 (r) 



e 

0.75 

.00815 

-3300 

*+2100 

22990 

250/0 

.132 (r) 
.HZ if) 
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CHAPTER V 


USE OF INFLUENCE LINES IN ARCH ANALYSIS 

33. Advantage of Using Influence Lines. — It is common prac- 
tice in arch design to consider the live load as extending over 
certain definite portions of the span and to assume that these 
loadings produce the maximum effects. For example, in the 
design of the arch in the preceding chapter it was assumed that 
by loading either the whole span or the half span the greatest 
possible stresses at any given section were obtained. In general 
this assumption is only a very rough approximation, and con- 
siderable inaccuracy may result from such a method of pro- 
cedure. In fact, in the case of large and important structures, 
the only satisfactory way to analyze for maximum stresses is 
by what might be called a unit-load or influence-line method. 
By this method the arch is first analyzed for a load of unity at 
the several load points and then influence lines^ are drawn for 
either moment and thrust or for fiber stress. 

The position of the live load on an arch to cause maximum 
stress at any given section cannot be determined in advance in 
the common method of analysis. An investigation will show 
that different loadings are required for sections similarly 
located in arclies of different proportions. The only accurate 
method, then, is to draw a proper number of influence lines as 
above descrit)ed. In arcdies continuously loaded no definite 
load points (jxist at which to place the load of unity in influence- 
line analysis, but in arclics of this class points may be chosen for 
this purpos(i sufficiently close together to give any desired degree 
of accuracy. 

34. Analysis of an Arch Ring in Open-spandrel Construction. — 

The use of influence lines will be illustrated by giving prac- 
tically complete c.omputations for the design of an arch ring in 
open-spandrel (jonstruction supporting a series of transverse 
walls. The only computations omitted will be those for divid- 

ing the half arch into ten divisions having constant j. The 

1 lirwiu r-zko f /k/1 in ** nf Slfyii./'fitrp.n ” Kv f.hr> sft.rnn aiitlmr. 


arch to be analyzed is shown in Fig. 20. Loads apply to a longi- 
tudinal strip of arch ring 12 in. in width. The notation that 
will be used is given in Art. 13. 

Designing Sheet No. 9 gives the computations needed in detc'r- 
n^in.-n g the moments and thrusts at the crown for a load of unity 
placed successively at the load points Z/i, Li, Lz, and L j. I n a sym- 
metrical arch such as the one under analysis, load points lu'ed 
be taken only to one side of the center of span, d'he <iuantity 
m (cantilever moment) at a given section for a load of unity at 
a given load point is equal to the value of x for the section in 
question minus the value of x for the given load point. For 
example, the value of m for section 1 with a unit load at Li 



equals 31.70 — 30.62 = 1.08 ft.-lb. Also the value of m for 
section 1 with a unit load at Li equals 31.70 — 4..'17 - 27.33 ft.- 
lb. The values of the moments and thrusts at the crown weri* 
determined by the formulas given on Designing Sheid No. 3. 

Designing Sheets. Nos. 10 and lOA give tlu^ computations and 
graphical work required in determining the moments and 
thrusts at the various sections due to the above loadings. 'I'lie 
moments and thrusts could all be detcrrniiual algiLraically, hut. 
the graphical method is much the simpler, met hod of 
procedure in constructing Designing Sheid No. 10.1 will la* ex- 
plained by considering a unit load at Li. 

The values of He, Vc, and Xo (at crown) for this loading are 
known, having been computed on Designing Sh(>(‘t No. <). 'rhc.se 
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values determine the magnitude, direction, and point of appli- 
cation of the reaction at the crown. The point of application, 
designated as a on Designing Sheet No. lOA, is 1.06 ft. from 
the arch axis and should be laid off above the same, since the 
sign is plus. The value of Vc is positive and indicates that the 
line of pressure slopes upward toward the left. The force poly- 
gon for the unit load at L 4 is designated as AOC, The side OA 
is determined by laying off AB on the vertical side AC equal to 
Vc, and making the horizontal distance BO equal to He- With 
AC as one side of the force polygon made equal to the load of 
unity, and with OA equal to the reaction on the right of the 
arch, the reaction to the left of the point L 4 must equal OC, or 
the closing side of the polygon. In order for the forces acting 
on the arch to be in equilibrium, the forces must act in order 
around the triangle. This fact shows that OC acts upward 
toward the right, as was to be expected. 

The equilibrium polygon may thus be determined by drawing a 
line through the point a parallel to OA, and then drawing a line 
on the left portion of the arch parallel to OC, both lines inter- 
secting in the load vertical at b. The bending moment at any 
section, due to the unit load atL 4 , is therefore equal to the vertical 
ordinate measured from the arch axis to the equilibrium polygon, 
multiplied by the force He* If the vertical ordinates be desig- 
nated in general as Vd, then, at any section, M = HeVa- The 
thrusts and shears at any section may be found by resolving the 
proper reaction into components perpendicular and parallel 
respectively to the section in question. The values of the mo- 
ments and thrusts are given in the proper columns on Designing 
Sheet No. 10 Moments and thrusts for other loadings may be 
determined in a similar manner. 

Influence lines could now be drawn for moment and thrust, but 
maximum fiber stress does not occur in general for either maxi- 
mum moment or maximum thrust. Obviously, the true maxi- 
mum stress occurs for the loading that makes the algebraic sum 
of the stresses due to moment and thrust a maximum. Influence 
lines, therefore, should often be drawn directly for outer fiber 
stress, as such procedure eliminates any necessity for trial 
loadings. 

Before influence lines are plotted, there is no way of telling, 
for a given maximum condition of loading, whether the stress 
n.nn.lvsi« of a aivon sor*t, will ffill nrirlor T tt 
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(see Arts. 75 and 76, Volume I)— that is, whether conipression 
will be produced over the entire section or whetlitT a t(‘nsion 
will exist over part of the section greater than thc^ allowal)Ie 
tensile strength of the concrete. If the latter condition ((hise 
II) should result, an influence line for fiber stress cannot 
employed to determine the corresponding inaxiinuin sir(\ss, due 
to the fact that it is impossible, when computing valu(\s of tlie 
fiber stress for a load of unity at separate load points, to take 
properly into consideration the exact amount of tcmsilc^ str(‘ss in 
the concrete that would be neglected if the analysis should l)e 
made for the maximum loading using total monuuit and total 
thrust. This is not serious, however, since no inatt(‘r wludlier 
maximum stress is desired at an upper or lower fiber, th(‘ loading 
that will produce a maximum value, assuming a Cme I distrilm- 



1-2345 


Values of 
Diagram 1. 



DiAfJRAM 2. 


tion of stress, will always be the same loudiriK Hint will cause 
maximum stress for Case II distribution. Con.sc(|U(‘ntly, tlu- in- 
fluence lines should all be drawn assuming (!us(' I distribution, 
and, if tension is found greater than the allowable tensib' ,st i-ength 
of the concrete, the Case II conditions should be .sei)uralcly con- 
sidered by drawing influence lines for moment and thrust and 
fining the values of the moments and thrusts that corrcsix.nd 
to the Case I loadmgs for maximum stress. 

. tension greater than the tensile strength of th(' concrete 

Qi, + ^ section of the arch, then Dc-signing 

Sheet No. 10 may be omitted. The values of x, and A may be 
scaled and used directly in Designing Sheets Nos. 11 and IL-l. 
In fact, even with considerable tension at some seidions, not all 

f »"'y 

should be determined as are later found r,eee,™rv Tl,„ d,.. 
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signing sheet is given in full here, however, for convenience and 
for instructive purposes.) 

The following formulas refer to Case I: 

. NK 
“ ht 

~ u 

in which, for reinforcement symmetrical about the center of 
section, 

{K) ^ r 1 (+) ^xot n 

{K') LI + npo (“) + 12npor^^ 

For an embedment of rods equal to one-tenth the depth, and 
n = 15, 

{K) ^ r 1 (+) ^ 6 1 

(Z') Ll + 15p. (-•) ' 1 + 28.8poJ 

Diagrams 1 and 2 give values of K and K' for various values of 

X 

Po and y, and for one-tenth embedment. These diagrams as 



presented here are too small for actual use, but illustrate the 
construction of diagrams which should be drawn to a large scale 
in practice for at least three depths of embedment — that is, for 
d' equal to 0.05^, 0,10^, andO.15^. The size of the diagrams should 
be approximately 30 in. square to obtain a reasonable degree of 

accuracy. The few values above y = 5.0 may easily be com- 
puted directly from the formulas. 



minimum fiber stress (Case I) remain constant for any g 
section, influence lines drawn for the quantities s\K and . 
wfil serve as influence lines for fiber stress. (See Art. 44 
another method of determining fiber stresses.) lh(‘ \alu<‘ 
K and K' on Designing Sheets Nos. 11 and llA have Ixam 
termined directly from the diagrams, making th(‘ a.^sumi)f ion 
simplicity, that d! = O.lOt at all sections. 1 he infiui^nee ] 
resulting from multiplying these values by the thrusts an* sh 
on Designing Sheet No. 12, making no attempt to obtain snu 
curves. The full lines are for upper fiber stress and t In* dot -j 
dash lines for lower fiber stress. Ordinates above t ht^ base 
indicate compression for both upper and lower fibers. 

The TnaYiTTiiim fiber stresses (assuming C^ase I to apply ai 
sections) are given on Designing Sheet No. i:i, (Hinsiilering 
weight of the arch ring as applied at the centers of the suppoi 
piers (Fig. 21). The computations are given on this sh(>et for 
TnflYimnm stresses at the crown and springing. Notice* 1 
tension exists at the springing for loading No. 1 — that is, 
loading for maximum compression in upper fiber — ami infim 
lines for moment and thrust should be drawn if the st resses 
to loading only are to be determined. 

The student should note that where all the loads on an arch 
at load points, the actual influence lines nee'd not be dra 
In such a case a table as on Designing Sheist No. 14 may be ( 
venient, the values being taken directly from Designing Sir 
Nos. 11 and llA. 

The stresses given on Designing Sheet No. bl an* for lorn 
only, assuming Case I. When stresses are reipiired incliu 
temperature and rib shortening, these stressi's dm* to loai 
should be combined with those for temperature and rib sliort mi 
and the resulting stresses computed. When tension exists at . 
section, due to Case I loading combined with tcunpi'ralun* : 
rib shortening, then influence lines for moment and thrust she 
be drawn, whether or not such lines arc reipiired for loading al< 

Designing Sheet No. 15 gives the total maximum sire.ssi's 
the four conditions of loading shown, assuming ( '.a-si* I to ajipl: 
all sections. The last column gives the sections and loadi 
that need to be considered for a Ca.se II distribution of str 
Although the depth of section gradually decreas<-s toward 
crown, It is obvious that, for Case II conditions, t he st resses 
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Maximum Stresses Due to Loading Assuming Cose 1 to Apply at All Sections. 



No. 1 L6adin9 


Designing Sheet 14 . 



the sections shown on Designing Sheet No. Ih will (‘ontrol. .In 
fact, section 5 might well be omitted, but is given h(n’(‘ with th(‘ 
others to show the influence of the depth of s(M‘tion upon thci 
resulting fiber stresses. Notice that although nuixiinuin 
stress at the springing, given for loading (/>) on ])(‘signing SluM^t 
No. 15, is very much less than at section 9 for loading (u), th(‘ 
effect of neglecting the tension is much great(‘r for thc^ d(M‘per 
section, and the actual springing stress is not far from maxi- 
mum for the entire arch. 

The formulas for fiber stress for Case II arc^ as follows: 


The value of L may be determined by m(!aMs of niuKi’iiins lo 
6 inclusive. These diagrams are similar to Diagrain.s 1-1 and la 
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of Volume I, but are plotted in such a manner as to give greater 
accuracy. 

Designing Sheet No. 17 gives the influence lines for moment 
and thrust for all sections. Although these lines are not aidually 
needed in the problem under consideration, they are iiresented 
for instructive purposes. In order to show smooth curvuss, addi- 
tional load points have been taken intermediate between the 
first set, and values of moment and thrust have been computed 
and plotted at these points. 

If the dead weight of the arch ring had been considered as 
concentrated at seventeen load points (Fig. 21 A) instead of 
eight as in the preceding analysis, a maximum fiber strr'ss at 
section 9 of 640 lb. per square inch would have beeti tlui result. 
This gives some idea of the increased accuracy that may bo ob- 
tained by doubling the number of load points. A great it number 
of such points, however, than just sufficient to (let(‘rmin(> ac- 
curately smooth curves for the influence linc-s ar(‘ (uitirely un- 
necessary. This is due to the fact that, with inflmmca^ lines 
properly drawn, loads may be placed at any point and the 
values scaled with a reasonable degree of a(!c.uracy. 'I'hus for 
continuous loadings, such as occur in carth-filkHl arches, four to 
eight load points on each half of the arch may b(‘ su{Ii<-ien(. to 
determine properly the curves of the influcnc<' lines, but th(' 
continuous loading should be broken up into a gre.ater number of 
loads than represented by the number of load points in or<Ier to 
obtain accurate values of the maximum fiber .stre.s,se.s at^ the 
various sections: 

A general discussion in regard to the use of iiifliuuicc" lin(‘S 
for moment and thrust may serve to make this part, of the 
subject more clear. Consider influence lines as shown in I-'ig. 22 
and assume uniform live loading. A load place<l .anywhere on 
the structure is seen to cause a positive thrust at tin* giv(‘n sec- 
tion. For this reason it might seem on first thought that 




maximum compression on the upper fiber will be obfaiiied if fh,. 
live load extends from C to F. LojkLs (o flu* leff of ( ' and to th(! 
right of F, however, will also be found lo giv(‘ ‘•onijjre.ssion in 
the upper fiber, although the resultant moment for siieh loads is 


I 




a 



-sj <»: 

i |i 1 1! s 


l/ye Load- 3000 ib. per pier 


Mi hading io Jeff of 
this vertical line to be 
considered in abutment 
orpierdesi^. 



Jf^any comidtrable toadinq occurs 

AA'crndBB'.aavutfhruS ~ 
on springing SKfior AS should bt dtfcrmLd 

^^^nusf is the multnnr ofth, Arrr 
^ nvnhontd and 

ih. thrust on AS tbundfyorch analys,,. 

Pie,. 21/1. 


negative. The live load, for example, should (‘xfiunl fo noints 
Buch as B and Q where a load placed at such point.s will be found 

to give a zero stress at the upper fiber I iki'wivi,, r 



«He.uJL?a:::rjrr;°‘r’"” 

by trial when infla^^.^ u„J . ’ '“‘bV be (hdiTinii 
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stress. With load points widely separated, as in the preceding 
analysis, it is not often that load points enter the spaces corre- 
sponding to BD and EG, but this sometimes occurs, as at sec- 
tions 1, 2, 5, 8, and 9 on Designing Sheets Nos. 11 and llA. 
For the section represented in Fig. 22, maximum tensile stress in 
the lower steel would occur for the live load extending from D 
to E, and for the upper steel from A to B and G to H. This is 
obvious when it is considered that a load anywhere between A 
and D and between E and H will cause compression in the lower 
steel, while a load anywhere between D and E will cause com- 
pression in the upper steel. 

Referring to Designing Sheet No. 16, it should now be clear 
that the steel stresses there given are not necessarily the maxi- 
mum stresses. For example, a greater steel stress than 2900 lb. 
per square inch may be obtained at section 9 if only the dead load 
is placed at point L4 on the right half of the arch. Removing the 
live load at this point causes a stress of 640 lb. per square inch 
in the concrete and a tensile stress of 3300 lb. in the steel. Thus 
adding the live load is seen to cause a greater stress in the 
concrete at the upper fiber, but decreases the tensile stress in 
the lower steel. In some analyses, where the steel stress has 
its greatest value under such conditions, it may be necessary to 
consider the exact loading which will give the maximum stress. 

Maximum and minimum pressures on abutment foundations 
are not necessarily obtained for any of the positions of the 
live load which give maximum stresses at the various sections 
in the arch. For abutment design, consideration of live load 
over the half span and the whole span will usually suffice. 



CHAPTER VI 
UNSYMMETRICAL ARCHES 

Unsymmetrical arches are sometimes (l(*.siral)le in the end 
spans of a series of two or more arches in order to reduce' material 
in abutments and, at the same time, to provide amph' waterway 
area over streams. Also, arches of this type arte often necessary 
under other conditions, as, for example, when a rivt'r in a d('e[) 
ravine is bordered by a railway requiring maximum clt'aranco 
near the abutments. 

36. Method of Analysis. — ^In the analysis of unsymmetrical 
arches, the entire arch ring should be dividt'd into a sufficit'iit 
s 

number of j divisions to obtain the desired d{'grcH' of ac(nira(*y. 
The origin of coordinates may then be taken at t lu* e(‘nt(*r of any 




one of the sections occurring between the divisional knugt hs, but, 
for convenience in scaling the values of x and //, this origin 
should be placed at one of the sections near tlu^ crown which we 
shall call the crown section. The X and Y ax(‘s should Ik* drawn 
perpendicular and parallel respectively to tins s(‘ction so as to 
permit the crown thrust to be determined dircndly without coni- 
position and resolution of forces. Fig. 23 shows liow th(‘S(‘ ax(‘H 
should be drawn. 

The flexure formulas for 7c, and M, for unsyinnudrical 
arches,^ considering the origin of coordinates lU'ur the' crown, arc 
exceedingly complex and inconvenient for use in practice. 'I'lic 
best plan is to use formulas similar to those designated .as {<■), 
(J), and {g), Art. 14, and to solve simultaneously for the above- 
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values after the numerical values of the coefficients are sub- 
stituted. Following are the formulas to be solved in this way 
(see also Designing Sheet No. 18): 

— ’^x^yn) + Mc^y - 'Lmy = 0 
Hci'I'XLyL - ^x^yj^) + Vc^x^ + Mc(1^xl - :^Xr) 

— Xm^XL + ^m^XR = 0 
Hc^y + Vci^XR — I^xr) -f- nMc — Sm = 0 

The subscripts L and R in these formulas refer to summations to 
the left and right of the crown section respectively. No sub- 
script indicates that the summation is to be taken for the entire 
arch. 


Crown secfion 



Fig. 25 . 


The three corresponding equations for temperature are as 
follows: 

Ec'Zy'^ H- Fc(Sx£,j/i — l^XRyj^ + Mj:,y — ~ ■ tJolEc = 0 

o 

Hoi^XLyL - ^XRyR) + Va'^x^ + M^X^xl - :^xr) = 0 
Hc'Ey + Vc(2xr — :Exr) + nMc = 0 

The value of tj) should be inserted as plus (+) for a rise of 
temperature; minus (~) for a drop. 

Rib shortening causes the same effect as a lowering of the 
temperature. By referring to Art. 14, it should be clear that the 
following formula may be employed to solve for the equivalent 
temperature drop: 

X . j 1 Ca 

Ec “ ” Ecto 



g8 


The writer believes that for uneymrartnee en-l.ee ,t 

venient t. mume the origin of eofhnalee at „l lh„ 

section through the springing. ^ »“ 


Fiff. 24 shows how the 



nates x and y should be measured. The directions of II ,, V ,, and 
Ml are shown for values considered us positive in the forimilas 
given on Designing Sheet No. Ifl. Special not(“shouhi he inuileitf 



'-JCCO/b — -..•r-* 

Hc=-G050 /jb. 




the fact that values of y moasurcMl h(‘low tin* axis .V A’ sluiuhl 
always be considered as negatives 
36. Examples of Computations in Unsymmetrical Arch 
Analysis. In order to show the iindhod of analyzing unsyni- 


metrical arches, the computations are given on Designing Sheet 
No. 20 for finding the thrust, shear, and moment at the crown 
section of the arch shown in Fig. 25 due to a unit load at L 4 . 
(This unsymmetrical arch was obtained by simply shortening the 
arch of Fig. 20.) Similar computations are given on Designing 
Sheet No. 21 for finding Hx, Vi, and Mi at the springing due to 
the same loading. Fig. 26 shows the agreement between the 
two methods, the equilibrium polygon being drawn for the unit 
load at Li. 

Designing Sheets Nos. 20A and 21 ^ show the temperature 
computations by the two methods for the arch in question, 
assuming a drop of temperature of 40®F. The equilibrium 
polygon for temperature is a straight line, and Fig. 27 shows the 
method of determining this line by the two methods. 
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Designing Shctf 18 . 


Formulas Required dor Unsymmetncol Arches 
Origin of CoSrdina-hes near Crown 

Loading-. 0 

Hc(ZXiy,,-lXi>yii} + Yc2^^-fMc(^Xt.-^XR)- * If”, Xr^O 

HoZy-tYc(^x^-'!:x,!j+ ”'*10 -'Zm-0 

Mci" f^CyL"^ yC^L^^L 
Mn^Mc^f^c y/f " 

All values of mj^, rrij^^ xd yi^ and shoukl Im milmtituttnl an po.sitive. 
The subscripts L and R refer to summations to loft and right of th(‘ cTown 
section respectively. No subscript indicates tliat Hunuuation in for (‘ntire 
arch. Positive value of Me indicates that tlie thrust IE acts above tin* arch 
axis. Considering the crown section as vertical, a positive value (»f \\. indi- 
cates that the line of pressure slopes upward towards tht* left ; a iH*gative 
value, downward towards the left. Signs preceding terms .Ur, and 

VeXj^ in the last two formulas depend upon the signs of Me and 1%. rcwilting 
from the three simultaneous equations. 

Temperature. 

fi Zy‘t yc(zx;^yt - ZXgy,)^ . 0 

^((Zx^yi-Zx^y^Jt I^Zx‘* Mc(Zxj,- Z xr) . c 
He tyf yct^Xi^-'^^it)+ nMc » 0 


Mci-Hcyi’t VcXi, 

Mg^Mc+Hcy/f- YeX^f 

The value of ij) should be inserted ns plus ( f ) for a rise (»f tenip.Talure; 
minus (~) for a drop. Signs preceding terms M,, lEnj, ILj/j., I ,/;, ami 
FeXjj in the last two formulas dejamd upon the signs of Ur, IL, .and n*- 
sulting from the three simultaneous tupiatioim. / soan of arrh axis 

measured parallel to X axis. ^ 


Rib Shortening I 


Rib shortening causes the same effect ns n lowerint' -f the 
bolving for gives equivalent temperature .Ir.ip, 


feiijpiT.af lire 
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Designing Sheet 19: 


Loading: 


Formulas Required for Unsym metrical Arches 
Origin of Coordinates at Left Springing 

HjZy^’-VjZxy-M/Zy^Irny^'O 
HiZxy- Zmx » 0 

H,ly -YfXx - nMf + Xma o 


0 

m which 
a» Ixly- nlxj 
ZmxZy- Zxlmy 
c» Xx^Zy - Zx Zxy 

Then Mji-Y/X ’‘fi/y^m 


Ml mm ViZx+Xm 

/ ■ — 


d^XmXy-nZmy 
XxXy^-ZxyXy 
■f » nly^ -’(Zy)^ 


All valuoH of m and .r Hliould he Hiibstituted as positive. Values of y 
below the x x axis Hhould he taken as negative. The summations refer 
to entire arch. Po.sitive value of A/i indiea-tes that the reaction acts to the 
left of the an^h axis at tin*, springing. Positive values of //i and Vi indicate 
that the n'action a(’tH umvard to the right. Signs preceding terms Mi, 
and Ihy in t h(‘ last fornnila (h^pend upon the signs of Mi, 7i, and Hi 
resulting from th(‘ pn‘e(*dii\g (‘({nations. 


Temperature* 


V,Ixy-y,T.x‘-MiTx-0 

H/Xy - V,Tx- nMj 

or 

'v ae-cf fv ^ C 

in which 

Umn 

Y,x-Hfy 




Th(‘. valu(‘ of .should h(‘ iii.s(*rt<‘(l as {)hiH (-f) for a rise of tcnnpcirature; 
minus ( ) for a droj). Signs {)r(‘(*(‘ding t.(‘rms Af i, Fi, and ll\ in the last 

fonnul.a depend upon (lie signs of A/i, F,, and //i r(‘sulting from the prev 
(•(‘ding (‘(juations. / .span of arch axis ni(aisur(Ml horizontally; that is, par- 
all(‘l to .V 


Rib Shortening . 

Tc\ 

Hih siiorteiiiug eau «• : (he elTeel. as ;i. low(U’ing of the temperature. 

Solving for Ij^ gives e({uiv.'denl t<*mi)(*rat.ur(‘ drop. 





UNf^YMMETRlCAL ARCHE8 


Cetermination of Moment and Thruet at Crown Section- Uns^mefrico! 
(Temperature Fall of 40® p.) 

Designing Sheet 20 A- 

Yc(Zx,y^ 

Hc(tX^yu - Xx,y,) +Y,Zx‘i- Mc(Tx, - Zx,) - 0 
HcZyt yAzx^-Xx^)*nMc>0 

ieo.76 He i-431.73 K, t 53.0/ 4^. / UsX .00000S)(4C)(st9S% 2.000.000X144)^0 
431.73 He t29S0.6 Vc'^ 43.60 Me - 0 (t! ^ 

33.0! He + 43.60 Ye + 17 Me ■ 0 (c) 

Multiplying (ct) t>j n and (c) by 33.0! 

3066. /? Me + 7339.4} Vc -f (33. OI)il7) Me + 7, 777, 296 0 

1069. 66 Me -f- 1439. ?4 Ye+ (330I)(I7) Me * 0 
1976.46 Me ’tS900,l7 Ye 1, 777.296 

Multiplying (b) by 17 and (c) by 43.60 

7339.41 He ^ SO, 160. 2 Y^ H43 60}(I7) Me - 0 
1439.24 Me-^ 1900.9 6 Vc tf43. 60Xl7} Me « 0 
5900. 17 Me 48. 259. 2^7^ o 
Multiplying (dj fy 46,269.24 and (e) by $900.17 

95,362.467.49 Hc^ (46.2B9.Z4)(5900.17} Ye f 375.326.394,215 » Q 
C?3 //g •/• (48. 269 24 H 5900. 17) Yc » 0 
60,570,46} He *» - 376,326.394,215 ~ '"™'™ 

He « - G.m lb 
Substituting value &f He hid) 

- 12, 246, }46 -t $900 17 Yc 7, 777, 296 ® 0 




(e) 


4.466. 660 


5900 17 

Substituting values of /(• and Yc in iC) 
-204,630* 33,005 ■*■17 Me 0 
171. 52 B 
17 


« 757 lb. 


Mr - 


10,090 

0196 


JO. 090 ft lb 
/ 63 ft. 



Moments and Thrusts at Springing - Uns^mmetrical Arch 
(Unit Load at Definite Pbints) 
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reinforced concrete constrcction 
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Determination of Moment and Thrust at Springing - Uns^mmetrical Arch 
( Temperature fall cf 40*F. ) 


Designing Sheet 21 A* 


y.m.^ 




« (, 12S){. 000006 )( ~40XSZ.4)ie,000,OOOX/44) 
« - 452 , 7?6 


u . -6050 lb. 

"> -5SS. 360,675 ' ' 

(- 45Z.736X531. 3S} - (€050)1- 56.165^8) _ _ ,, 

•v’ ■ 434.3J3.63 


( (V-Ok 448 O'-) ( 1060X53138) _ _ 

i»r ' ' 


(vertically) 


-55,ZI5’ 

-6050 


0.1Z "Ft. 


CHAPTER VII 

arches with elastic piers 

The necessity for considering relatively thin piers elastic was 
probably brought to public attention by Mr. Daniel B. Luten 
of Indianapolis, as early as the year 1904. Undoubtedly the 
idea came from his experience with the design of the arch bridge 
across the Wabash River at Peru, Ind., in which the coiulitions 
for a satisfactory design required the balancing of thrusts of 
unequal spans by introducing a moment in the piers. ‘ Whether 
or not the idea was. brought forward in this way, it is a fact that 
Mr. Luten since the Peru bridge experience has built many arch 
bridges with unusually thin piers, two of the more pronounced 



Courtesy of Mr. Daniel B. Luten, Consulting Engineer, Indianapolis. 

Fig. 28.— Venore bridge over Tellicoe Kivcr, Venon^, TtMin. 
(Twin spans of 65 ft. each.) 


structures of this class being shown in Figs. 28 and 29. Mr. A . ( \ 
Janni has also made.use of the elastic-pier principle in the Kings- 
highway viaduct, recently constructed at St. Louis, in which tlu^ 
arches and piers were analyzed as a continuous elastic, body. 

Arches with elastic piers are undoubtedly somewhat inorc^ 
difficult to analyze than single arches extending only from spring- 
ing to springing, but this does not change the fact that a grc^at. 
number of arch bridges of multiple spans have piers whicJi should 
be considered as elastic if a thorough analysis is to be made. In 
any given structure, good judgment should be exercised in 
determining whether or not the piers are of such slender pro- 


^ Engineering News, Mar, 29, 1906. 
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portions lliaf tho licn<liiig; due to uiuHiual arch thrusts should be 

considered. 

Thin piers not only sav(i eonerete in most cases but increase the 
area of wat(‘rway and, on this account, it is quite likely that elastic 
piers will be much use<l in the future where architectural ap- 
pearances is satisfied with this type of construction. In some 
cases, how('V('r, incrc'ascnl thickness of arch rings in elastic-pier 
construction will offsc't any advantag(^ gained from diminishing 
the cross-s(‘ctional area of tlu' i)i(‘rs. 


rourUHii^j 3/j iPinui a. Luttn, ( inu-uKtiHl Knutturr, I mlianapoIlH. 

I-’k;. Paint Urannh uniir \V}iHhinp;l.oii, I). 

apans (»!’ (>() ft. (‘uch.) 

37. Method of Analysis. \'ery f<“w American engineers have 
made any attempt to an.alyze arches Imving elastic i)icrs, due 
undoulitedly to a Im-k of textliook material on the sulqect. Up 
to th(‘ i)resent time,' tlie metho(l outliiu'd liy Mr. A. (k .lanni in 
the Journal of the Western Society of Ungiiu'ers, May, 1913, and 
d(Hcrib(‘d in tiie iievt cliapt('r, is, as lar as tlu' wiitet knows, 
the only jniblisinsl t rtaat nuait' ol arch a-nalysis in tjuscountty 
giving sonn* attention to <‘lastic-pi('r construction. In the 
jiajxM’ r(‘ferred to, .\Ir. Janni presents a. gra.phi(*a.l t'r(^attm(>nt' ioi 
the analysis of arches for any and all conditions based on the 
theory of the ellipse of elasticity. T1 h> method to Ix' nronosed 
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reinforced concrete ('OA.v/ /n ( i 

not differ in principle from the 
in this text for sinfi:l(* symmetrical 

“"con^deT &st the two-span arch structure represeided in Fig. 
30 The points indicated as fixed may be tlie Ixittoms of the 
pier and abutments, or they may be at int(>rmediate siH-tions, 
depending upon where the designer considers the struedure 
fixed. The method proposed is to take a horizontal section 
A- A where arches and pier join and study the movement at that 

section. , , , 

In Art. 14 the method employed in deriving formulas for the 
thrust, shear, and moment at the crown of a symmetrical arch 
was to cut the arch at the crown and study the horizontal, 

vertical, aiul angular inonientB of 
the cantil(*ver on the l(‘ft with re- 
spect to similar movcummts of the 
cantilever on the right. From the 
formulas for (leHe(‘tion of curved 
beams, thrcMt indc^fuuiclcmt equar 
tions were possible and expressions for the tliree unknowns (//«, 
and Me) were then derived. 

A similar method may be followed in finding expresnions for 
the forces acting at the horizontal sect ion A —.4 in Fig. 30. The 
thrust from the left arch and the thrust from thc^ right arch (‘orn- 
bine to produce a resultant thrust on th(‘ jiicT. Thcaa^ are three 
unknowns with respect to each arch— that is, six unknowns in 
all, since, there is a known relation l)(‘twc*(‘n tlie thrust on tlie 
pier and the thrusts from the ar(‘h(*s. Threc‘ ind(‘pc‘nd(uit 
equations may be written by placing the V(‘rticah horiztudnl, and 
angular movements of the pier end of th(‘ h‘fi arch algt^hraicnlly 
equal to similar movements resp(‘ctiv(‘ly of th(‘ pi(‘r (*nd of 
the right arch. The other thr(‘(‘ iudcp(*ndf‘ut <‘(|uationH re- 
quired may be written by placing tin* vcaiicaf h(»rizontah and 
angular movements of the pier end of (4th(‘r arch algc^hraically 
equal to similar movements res])(‘ctivc‘ly of the* top <4 th(‘ jjier. 
These independent equations may Ix^ simplifH‘d ami changed 
somewhat by placing the vertical mov(‘m(ait of tin* section A - A 
(due to loading) equal to zero, since this may l>e done wit hout any 
appreciable error. 

In Fig. 31 the top of the pier is shown in dc^tail. d'‘lu‘ horizcuilal 



Fig. 30. 


in this article, however, will 
analysis previously presented 
nncxrm metrical arches. 


arclu's. A\ huti iu:iy he; the Hkewl)acks of the arches are 

shown. Tlu^ W(‘i^ht of t,h(^ material between the skewbacks 
and th(^ s(‘ction it - A mnnl be considered only in finding the 
resultant thrusts on thci pi(‘r sections. The origin of coordi- 
nates X and y for each ar<‘h may be taken at the middle point 
C of th(^ s(M‘t ion .4 - A insb^ad of at the center of the skew- 
backs. This should b(^ obvious from a study of the derivation 
of th(‘ d{4it‘c*tion formulas of Chapter 11. 



The following nolafion will l)e (unployed: 

Let 

'Xlj Hl cor>rdinat<'H of any |)()int on the axis of the 
lt‘ft arch r(*f(n’r(Kl to the center of the 
siM't ion A — A asorigin. Values of yj^ should 
b(‘ consid(‘r(;d plus when measured above 
tlH‘ axis A — Aj and as negative when 
ineasurt'd below that axis. 

Xr, Hr cobr<Iinai{‘S of any point on the axis of the 
rigid arch ndt^rrcsl to the center of the 
st‘ction A —A as origin. Values of 7 /;gshould 
1 k‘ eonsid(*r(‘d plus when measured above 
th(‘ axis A — A, and as negative when 
nH‘asur{‘d b(‘low that axis, 
l/r d<*|)t h of any point, on the vertical axis of the 
pi(*r below the section A — A. 


mi, mu = moment at any point uu (if left arch 
and rinlit areli respect ivt-ly nf ;il! external 
loads hetween the |Miint in (piestidu a„d the 
top of the piiT. 

Mi,Mb,^p = moment at any point ..n axis of left arch, 
right arch, and pier res[iectively. 

Wi, ns, tip = nuniher of j divisietis in the left jireh, right 

arch, and J*ier respectively. 

H 

Clj crj Cp = valuta of j f<ir lt*ft art*h, riixht and pier 

r^pectivfdy. 

Hij Vi = horizontal and v«Ttit*al t‘oin|Miiu*iitH of the 
thruHt from th«* i<‘ft arrh a! ihf tofiof pier. 
Ml = moment at A A dnv to thrust 

from left areh viuiii’a! riimponcmt of 
thrust frtnn left areh iimlti|ilieil hy the 
distanee from the r’ fthf* renter of 

the Bedionl ulieri* i his thriLst jirodueeci 
cuts tlie set'lifUi J A , 

Hi, Vi = horizontal and vi*rtiral eniii|iMn(‘nts of the 
thruBt frtun the liuhi areh at ilie pier. 

Mi = monnuit at si'eiiuii A A due to thrust 
from riglit ar*d}. 

Ih = resultant shear A .! //j -- 

//^ 

Fg = r(*sultant iliru-t jetnual mu -..ri’iiDa A - 

d - r, ■! r,. 

M3 = resultant mniufiit mo I'fiiMU .1 .4 = 

Ml My, 

Other notation that will he used ^01*0 in At?, VI. Flif arrows 
in Fig. 31 indieat(‘ what ■will }>»* fM»mid*'rrd pK i!i\» \alia*v nf the 
quantities. 

Referring to (-haptcT II «m ’* I imh mI f n? \Md hMsiins;' we 
have 

O.-M/J//, f 1 1/?. #/; 

Ch^MjXp i\ 

Cp^MpX^, tt 
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Designing Sheet 22. 

Formulas Required -Arches with Elastic Piers 
Ljoading: 

4 ^yl* ) - 

- ^y‘ * >i ^Xfyi, - 

M,ZXi_ -f/,Sx,_yi_ + Vi'Lxl - Xmi_Xi •O 
MiZXf -He £*>» + ygZx} - Zm,Xf - o 

Ce^L^i -H/y^yL *^1^X1. - 

"2%) 

c^M,-Me)Xyp i- m-He)Xy^]- -Hi^yl* WlYl 

Cp[r<p(M, - Mej->-(H, -Hi)Zyp y . -c^i Ml -H, zy^ *y,zxe- Zme] 


Bending Moment atan^ point: 

Ml" M/- H,yi t YfXi -mi 
Mff m tY^Xn-rriff 

Mp-(MrMe)*(HrHe)yp 

Values of and should be considered plus when 
measured above the axis A-Vt, and as neyative when measured 
below that axis. The values of dy, Vj, and My may be obtained 
from the following relations * 

Hy-drH^ 

All nilucti nj vn. and mit should he mbstituted as positive. 



The bending moment at any point may Ik* cxpi-csscd uh 
follows: 

Ml = Ml — Hiyi + — w/, 

= ikf2 - HtVR + V 2 XE- niR 
Mp = Mz + Hzyp = (Ml — + (lli - H 2 )yp 

Substituting these expressions in the preceding (Hpiations and 
combining terms, we have the six siinultan(H>us emulations given 
on Designing Sheet No. 22. These six ecjiiations may now be 
solved simultaneously for the values of H u I'n M u I h, r 2 , and 
M 2 . The values of ffs, Vz, and Mz may then be obtained from 
the following relations: 

H3 = Hi - Ih 

73 = ^ 1 + V, 

Ml - Mz 

For arch bridges symmetrical about the center line of pier, the 
labor involved in solving the simultaneous ecpuitions mentioned 
above will be greatly reduced. 

All the simultaneous equations given above pcu’tain to the 
unknown forces acting at the section A — A, With thc^se com- 
pletely determined, however, the moment and thrust at any 
section may be found in the manner d(‘H(Tibed for th(^ single 
symmetrical arch. Each of the three members, of (‘ourse, must 
be considered separately and each subjected to (‘xa(*tly th(‘ same 
force that is found to act upon it at the top of pier in the mono- 
lithic structure. 


Consider now the case of a three-span aridi bridge, as repre- 
sented in Fig. 32. The portion of the struciuri^ shown by a s(did 
line should be treated first, solving for the unknowns at scad ion 
A. The dotted portion should next be considmaai, solving for 
the unknowns at section B but placing at A th(‘ thrust coming 
from (or acting upon) the left arch for i.lu^ givc^n lojiding. d^he 
process may now be repeated by considering tlu' solid portion 
again and solving for the unknowns at A, but placung at B the 
thrust coming from (or acting upon) the right arch for the given 
oading. Likewise in treating the dotted portion the second time, 
more acjcurate values of the unknowns at B may bc^ dedx^r mined 
by placing at A the second vahip ! r -.1 
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from (or acting upon) the loft arch. It will bo only in excep- 
tional casoK that th(‘ unknowns at sections A and B will need to 
be solved more tluin onca* in order to obtain sufficient accuracy. 
In fact, solving for the unknowns at A twice and at B once is 
usually all that is desired. 


Fig. 33 shows how the method may be applied to four spans 
and Fig. 34 reprewents its use in five, or any greater number of 
spans.' It is very s(‘ldom that arch bridges of more than six or 
seven spans are constructed without an intermediate abutment 



Fig. 34. 


pier. Flu'. method for a large number of arches may be simplified 
by the faiit that the effect of a load on any one span extends 
priiuiipally over the span itself and the two spans immediately 
adjacent. 


In a series of arches with elastic piers, there is seldom, if ever, 
any radical change in span lengths between successive arches. 
On this account the unbalanced thrust acting on any pier due to a 
maximum change in temperature will be relatively small, and 
each arch of a series when analyzed for temperature stresses 
may lie considered in nearly all cases as having immovable or 


this method of analysis will give exact results sine,, fhe yi,.,. , . 
not acted upon by any unbalanced thrusts. ^ ^ 

Rib shortening causes the same effect as ;i l(,w(‘rinLr of fi 
toperatoe By referring to Arte. 14 an, I S-l, il 
that the foUowing formula may be employed to .solve for tbft 

equivalent temperature drop: “ ® 


s Ca 

^ ~ EJc 


38 . Analysis of a Two-span Arch Bridge with Pier T ? ioc .*- 

The e^th-filled bridge shown in Deigning Shec't No 2'i Wnn 
partially analyzed for loading only, assunfing a Vivo loud of 1% 
lb. per linear foot over the entire right arch~th<it is <.ot, ■ i ^ 

s v '‘- “ :> r:'!rz 

the te.rin.nnr .fttence iron, the It” ft. ' 

of Pit ITr. IT““ 


2a: = 

Zy = 
Zxy = 
Zx^ = 
Zy^ = 
Zyp = 


403.85 

100.00 

2258.74 

11,986.6 

671.65 

64.99 

867.13 


= 3,908,000 Ci = Ci 

^mix = 128,241,600 cp = () 

2TOiy = 19,918,500 nz = n 

= 4,752,100 rip = 7 

^mpx = 156,842,600 

^mpy = 24,056,500 


Cp = Cp - 9.4( 

Cp = 0.41 
% = Up = 17 


De^igmng 


Hi = 18,400 lb. 

1^1 = 13,850 lb. 
■^1 = 9250ft.-lb. 


th = 21,400 lb. 

= 17,400 lb. 

= -7500 ft.-lb. 


rpi , " 'VWlt.-in, 


"13,850 


^ imrougn a 

^ the thrust from the right arch 
acts through a point = 0 4 -? ft r 

both distance. m«„redtefte right. ' 







' j, y 


Designing Sheet No. 23 shows the lines of pnsssure in the 
arches and the pier. The resultant thrust on t he l)ase of pier 
is seen to act outside the middle-third point. This should not 
be allowed in good construction and either the sha|>(^ of the 
arches should be changed or a reinforced-con cretin footing should 
be added to the pier to make a more nearly uniform distribu- 
tion of pressure over the pier base. If the stnudure should be 
analyzed assuming the arches to have fixed (mds, t lu^ rc^sultant 
thrust would fall even farther from the middle third point, as 
shown, indicating that the elastic propertic^s of tlu^ pi(u tend 
to prevent failure in so far as that is possilde. It should be 
noted that if the pier should tip due to unequal intensity 
of pressure on its foundation, the thrust from tlu^ right arch 
would be somewhat reduced and the thrust from thc^ left arch 
increased. This would cause a certain righting moment at the 
top of pier and would tend to prevent failure. Relying on 
such a possible factor of safety, however, would not Ix’j acting 
according to good practice as unknown stresses might be 
set up in the arch rings which would otherwises cmdangcu the 
structure. Of course, it is possible to determine these strt^sses 
for any predetermined amount of unequal settling. 

If desired, ''each arch in the above design may be considered 
as fixed for dead load only. The live-load stresses should tlien 
be combined with those due to dead load in order to give the 
correct maximum stresses. If the arches had been taken unequal, 
the resultant for dead load should be made to pass through the 
middle third of the pier base if the arches are to ])c considered 
as fixed for this loading. This may be done by overloading the 
arch having the shorter span. 


(CHAPTER VIII 


ARCni ANALVSLS BV TllK METHOD OF THE ELLIPSE OF 
Kr.ABTKMTYt 


The ellipH(‘-()fH^laHticity rnetiiod of arch analysis is almost 
entirely graphical and is unique in the fact that by its use in- 
fluence lines may l)e readily constructed for findirxg the stresses 
at any Be(‘tion. I^ven arches with elastic piers may be rigor- 
ously analyyaai by this method without any great diflflculty. The 
method is rapid and easily applied, and is likely to be in great 
favor with American enginca^rs as soon as it becomes well known. 
A number of underlying principles must be explained before this 
method can be completely understood. 

39. Preliminary Considerations Pertaining to the Method of 
Treating the Symmetrical Arch. — ^Let Figs. 13 and 14 in Chapter 
II repr(‘,H(mt any given element of an arch, and let A;' represent the 
aright of rotation of the face he with respect to the face ad which 
would 1)(^ caused by a bending moment M. From Art. 10 we 
know that 



( 1 ) 


Now if we consider the symmetrical arch shown in Fig. S5A as 
fixcHl at the right end and free at the left end, each element 

Ms 

will cause a rotation of the left skewback equal to , where M 

is the moment acting upon a given element, s its length, and I 
the moment of inertia of its average cross-section. If the ele- 
ment (ionsidered is abed, then s is the distance between the inter- 
sections of the neutral axis of the arch with the faces ad and be, 
and I is the moment of inertia of the cross-section at the center 

of gravity of the element. Since the quantity is a char- 
acteristic of the given element and shows the amount of its 

1 Method taken by permission from a paper presented before the Western Society of 
Engineers, January 13, 1913, by Mr. A. C. Janni, C. E. Printed in the Journal of the 
Western Society of Engineers, May, 1913. Most of the data in this chapter other than that 



ability to cause rotation if ucttHl upon by a iiioiiioiit, \v(‘ may 
treat this quantity as a for(*(‘ acting at tin* c'ontor <if |i:ravity of 
the area abed. We shall call this c|uuiitity tlit^ elaHiic wtight of 
the element. 

Suppose the bending moment acting on the eleincuit abed m due 
to a force P having a levenage of x' about the (*entt‘r of gravity 
of the element. Then the rotation of the* left skc‘wlmc‘k clue only 




cTo « center of gnavifj of fhe element ated, 
which is also the center of gravity of the 
iorces corresponding to the small ekmenfs^^ 


center of gravity of the mome 
the small forces about the axi$(>"'’ f 

Fio. 


fTiomenrs or 


to the bending of this clement will b(‘ Px'- / • ( ’onsi<lering . f , 

mLi of ft multiplying the force P by the 

line of action of 1>‘<‘ 

k'^P-^l^x' 


.l/i'f // A.\ Ah) 


lUU 


Designatiii|< |1 h‘ c*histii» wtaght by ilw letter (/, we have 

A' l^i<fx') (2) 

The total aijglt‘ of rotation of the left Hkewi)ac‘k due to tlie force 
P will (Hfual tin* stun of all tin* inotnentH of the elantic weights to 
the right of the line of net ion of the force P with respect to this 
line of action, or 

A- - Px'ax' (3) 

p 

In Art. 10 the tnonicuit of inertia Inis been defined as follows: 
“The moment of incalia of a plaiui surface with respect to an axis 
is the sum of the* products obtained by multiplying each ekv 
mentary arc^a by the sciuare of its distance from that axis.^^ If 
each ehmumtary aia^a is (‘onsidc^ed a force, then the moment of 
inertia becomes tin* sum of the products obtained by multiplying 
each for(‘(^ by t lu* stpiarc' of its distance from the given axis. Prom 
this int(n*i)r(*tution of tlu* definition we may consider the same 
term to apply in tlic <‘as(' of the elastic weights of the arch ele- 
ments. hi oth(‘r words, whenever we obtain the sum of the 
products numtioiKHl above for a system of elastic weights with 
resp(H!t. to a givam axis, w(‘ shall designate such sum as the moment 
of inertia of tlu‘S(‘ w(‘ights about the axis in question. Thus if 

B 

eacJi produc^t (h' in th(‘ ('xjiression 2 Gx' in the above formula 

V 

should b(‘ muItiplicHl again by P the result of the expression would 
b(^ ilH‘ moim^nt of iiuu’tia of all the clastic weights to the right of 
the lin(‘ of a(‘tion of P with respect to this line of action. If 
any givim hori> 5 ontal axis is also considered, the expression 'LGx'y, 
or in g(m(‘ral ^f^Gxy, will be called the product of inertia. If two 
V(U’ti(^al ax(‘s are (considered, the expression for the product of 
imertia ta.k(‘s iho form Sterr'. It should be clear that ''moment 
of in(‘rtia’' is found with respect to one axis only, while ''prod- 
uct of iiuu'tia'’ is found with respect to two axes at any in- 
clination whateveer and making any angle with each other. 

In Art.. II it is shown that the vertical and horizontal dis- 
plac.ccimmts (Fig. 15) of the free end of the arch due to the moment 
M a(*.l ing upon a given element may be expressed respectively by 
the formulas 

Ms , , Ms 

dy = xj. j and dx = y -.ry 


( 4 ) 


V WrfV I li i ( J J() \ 


where a: and y refer to coordinate axes with tin* origin .if ti, 
end. These formulas if applied to the (•hmiciit abai ' * 

may be put in the form 


free 

of Fig. 


dy — x-Px'-G and dx = yPx'-<i' 


Suppose now that a certain point 0 is assutru'd f „ {)(. riindlv nr. 
nected with the cross^ection of the left skewhaek arurh.Mn 
desired to find the displacements of this point O ,lu I „it i 
rotation of the element ohcd, this rotation being e 
bending moment Po;' ^ ^auh((i oy the 

of gravity „F arStt It t t 'F""'"' “”‘00 

sidered ao simply for illTistration*^ tk ^O”*”** rotation (con- 

that the yonte of rotation i^loT^^cTir' 

statement means that the line C ft h.'J’ *1' Preceding 

angle.,.lineeonnectinrc.7ndA Th™M "'J*'' 

for vertical and horizontal disnlnt.^* ^ formulas 

r«pecttomiesthroSl'S^“I,“".,''° »“1> 

Other point which is rkSll .T ^ ^ any 

theleftof the^trSent W 

g en element. We have then the forinuhis 


dy 


P-Gx'-x and dz = P-Gx'-y 


( 5 ) 


ofO due to 

Ime of action are ® elements to the right of its 


P'SGx-x' and Ax = PJ:\;y.^r 


(6) 


eox.sidermgpositive values of, above the axis X Y 1 • 
values of. to the right of F-F Th 

represents the nroflirr..'. • ,. ^^PreBsion 2 


represents the product r • . expression 2 Gyx' 

rightofP with respect tothe°SirY‘'i^v elastic weights It the 

the HriA Af ^ to the axis through 


tlie line of action of P Th 

’^'‘'“Pr'*‘»“SGa-»' represents the 


A mil ANAi.Y^i^ 


1 1 1 


product of inert ill of the Hiiriie idiiMtic* weiglits above mentioned 
with reHpcH't to the Y — 1" aiul to tin! axis tfirough tlie line 
of action of II 

Supposes now tliat' a force or reaction Ri ante upon the struc- 
ture so UK to ciuiHc ec|uili!)riuin, iirul suppose this same reaction 
Ri is applies! twice at the {K>int 0 (rigidly connected with left 
skewback), Init aeding in opposite directions as shown. It will 
be possible* to nwdvc* one of these two forces at 0 into two 
components V and //, and tlum the opposite force Ri can be 
combined with tin* actual skewback reaction so as to form a 
couple Rie, Thus at the {mint 0 we have the three unknowns 
F, //, and Ma = Rie. 

The angk* of rotat ion at the point O due to the moment Ma = 
Rie is given by the formula 

k « (7) 



to B. This expression comes directly from Formula (1), taking 
into considc^ration the fact that the moment Rie acts upon the 
entire arch. Therefore 

G « PX^Gx' (8) 

A P 

since the angles of rotation at 0 due to the force P and to the 
reaction moment Ma = RiG must be the same. 

It will 1)0 convenient to take the point 0 at the center of 
gravity of all the clastic weights. By center of gravity is meant 
the point through which the resultant elastic weight will always 
pass no matt(w in what parallel direction the weights are supposed 
to act. This point may be readily determined by finding the 
lines of action of the vertical and horizontal resultants. The 
intersection of these two resultants is the center of gravity of 
the system. 

With the point 0 located as above mentioned, the vertical 
displacement of this point due to the vertical reaction V is, by 
Formula (6), 

Ay == Vl^^Gx^ (9) 

This means that the vertical displacement of 0 from this cause is 

„ - 1 J J.K _ Jl _ _ J- „ J. • Jl 1^-.. •vw i-.l + 'i vnI TTI 4-K TT” Vktr -f 




moment of inertia of the whole elastic KVHti ‘I a with rcsncct i a 

verli..l„i tough 0. Thkdhp,.„u„uu,„u,,,,j; 
previously found due to the load P, or 


VS^Gx^ 

A 


P2 Gx-x' 

p 


( 10 ) 


The homontal reaetion B does not caa«e any vorti,.,! , 1 .- , 
ment at the point 0 since it acts at right angl™ t.. r 
the center of gravity of the ,J, .p’ , ""of 

esp,ess..n for the verUcal displacement of point o^, f„r 

M TOI nri TT v-u 


H is as fence. The arch, however, is s,v„„„e,ciea,, 

so that SO^ seduces to sero and no 

results. 


v/kJ U.J. 

B ?bypZ“ ““"“"tal reaction 


Ax = H2 Gy^ 

A 


(11) 


the elastic weights of the whoi '7 7 ^ 

horizontal axis through 0 Plnr.'^ ‘^ system with respect to the 

^splacement prernSZound,“:‘.”haZ 


H 2 Gy^ = 

A 


Gy -x' 


( 12 ) 


in order to plot intoZhnS f nonsidorod ns unity 

employed to determine ttcvZZf®' - yf' Z ""i 
-y ferdirbyTaSaf Zhf 

«>» y«tion fi. is eou^ rZ u '"toitn,lc of 

position may be ItoZof r* “"'1 i*" 

to this resultant at a distance ^ ^r^'Wing a tangent parallel 


e = 


Ma 


Ri 


from the point 0 tIiq 

"» in the n.z:rwzrsrxztr -r 


FollowinK hi iiiuitln^r liiftiiiiil tif drnvuig I'liiimilitii |Hi, ilOi, iiml (12): 
(bnsHier tlif* < !•%. .15. 1 1 wiih ibi* fun'r^ h\ mriiiiitiiiKHiiwIy 

applied. Tlii* heiidiiig uti iIuk I’lriiiriit lull lit* 

.1/ - i*y t Mu I- I / - iift 

If thin value of M in inm*rti*d iti our llirw fiitidiiuiriiitiil for tli« 

deflectioa t»f eiirveti lieniim, we Imve 


a 


A* 

A 

H 

- 7*F 

i .W« t l b 

“ Uyi(t ^ 0 

Ai/ 

1 

It 


i i lb: 

lly)(tx ^ 0 

Ax 

ii ( 

l*x* 

i .U„ t lb 

— lly)<*y ® d 


4 


The arch lK‘irig: Hviiimetneah aiul with the etidrciiaate iixea at the point 
a H H 

0 , we know tliat 2 (it 0, w (ttf ® 0, and S (isy » 0. Bubetitut- 
A A A 

ing these valuen, wt^ obtain 

li n 

i: Mji /*23 (h/ » 0 

.1 A 

n It 

I ’iJ bV*’ - /** 23 (h. . x' « 0 

,1 .1 

- 7/23 (iy^ - /'23 Oy • x' « 0 

.1 A 

Since becomes ztiro for all elenKuits to the left of the force F , 

li It 

Ma^ ® 7 ^ 2 / (fX^ 

A P 

H It 

I ' 23 - 7^2 Ox- x' 

.1 V 

It B 

772 (h/ - - 7* 2 (hr x' 

A P 

These ctiuations for k, Ay, and Ax are the same as Formulas (8), ( 10 ), and ( 12 ) 
respecitivcly. 

It Hhould be remembered that each part of a given clement 
luis an clastic weight of its own. In the element abed (Fig. 355 ), 
for example, the elastic weights of the smaller elements should 
be considered at their respective centers of gravity. Let gi, 
§2, and gs, etc., represent respectively the elastic weights of the 
small elements mi, ms, and m3, etc., and let Co be the center of 
gravity of all these weights. Consider now the moments of these 
»lfla+,ie weiffhts about the axis F — F = OiXi + Q2X2 + 03X3 + 


etc. = fe, and the moments alx)ut tin* iixis A’ ~ A g^y^ ^ 
gm + 932/3 + ^ ‘^"*‘^** tdomc'iit is now assumed 

to have an elastic weight acting in a vert ieal dirt'clion etjual to the 
moment of its real elastic weight about tlie axis Y - the 
center of gravity of these elastic moments will not fall necessarily 
at the center of gravity {Co) of the elenumt abal, hut at some 
point as Cy- Likewise the center of gravity of tlu‘ elast ic monumts 
with respect to the axis X — X will fall at somi* point as C„. 
This means that, in finding the moment of inertia of all the 
elastic weights of these smaller elemtmts, flu* elastic- moments 
should not be considered to act at tlu- cc-nter of gravity of the 
total elastic weight of the element, but at Cy or Cr^ as the case 
may be. If the distance from the point Cy to the- axis F — 7 
is designated as xy, then the moment of inertia of the elastic 
weight of the element abed about this axis is 

Jy = GXoXy 

Similarly, the moment of inertia of the elast icr weight of abed 
about the axis X — Z is 


Ix = b'l/oj/w 

The product of inertia of the elastic wc-ight of tlu^ sann^ ('lement 
with respect to the axes X — X and tlu- litu- of action of P is 

Ixp = Gy» • (xii + a) 

and with respect to 7 - 7 and tlu- liiu- of action of P is 
Iy/> = Gxo ■ (xy + a) 

The points Cy and Cu may readily Ix^ dek-riniiu-d graphically, 
as shown later on. These points will lu- tc-rmed cetttvrs in the 
articles which follow. 

The finding of these centers is a refim-nu-nt ov(-r the nu-thod 
given in the preceding chapters of this book. It should lu- noted 
that the elements, as abed (Fig. a.'JA), may be- of any giv(*n length 

and the work of dividing the arch into constant. J div-isions is 
avoided. 

40. Properties of an Ellipse.— In th(‘ prc^cn^iing artiede^ the 
reason has been given for finding the points Cy and Cn (Fig* 
35S) for each element of the arch. A siniph^ graphic^al (construc- 
tion will suffice to find these points for any gi v(ui element. Before 
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■presenting this nu*tliiKl, howi'ver, it may be dtmirable to explain 
certain prop<‘rti(*H of an elliime. 

If through a fixed point (f ", Figa. and 30/?) any number of 
secants lx; drawn t«i aji <*llipHe, and tangents to the latter be 
drawn at th(‘ points of intersection of each secant with the ellipse, 
then each pair of tangents will interst'ct upon a straight line 
{R& and MN, Figs. 30/1 and 30/?), called the polar of the fixed 



point (C"). Ile(!iprocally the fixed point is called the pole of 
the straight line. The* fixed point symmetrical with the pole 
with respect to the center of the ellipse is called the antipole of the 
straight line. 

In Figs. 30A and 36/? the pole C' is shown inside the ellipse, 
but the same property holds true for any point outside. The 
meaning of the term antipolar is clearly shown in these figures and 
no definition is necessary. 



If the pole lies on the ellipse, it follows from the above defini- 
tion that the polar is simply the tangent to the ellipse at the pole. 
For such a case the antipole is also on the ellipse since it is 
diametrically opposite the pole and at the same distance from the 
center. 

A diameter is any straight line passing through the center of 
the ellipse, and is the locus of the middle points of a system 


of an ellipse are the only diaiueters perpt^iKiicndar tli(‘ chords 
they bisect. 

Two- diameters are said to be conjugate wlnni (‘ac;h diam- 
eter bisects all chords parallel to th(^ oth(‘r. The* tanp:ent 
at the extremity of any diameter is parallel to tlie (*on jugate 
diameter. 

If the antipole relative to a polar falls upon another polar, 
the antipole relative to the latter will fall upon the first. Thus in 
Fig. 37.4, the antipole of RR falls upon MN. Reci|)ro(‘ally the 






diameter fail upon the 
conjugate diameter at infinity 

Fig. 37J?. 

antipole of JlfJV falls upon R&. Any line as ZZ (or even 
which passes through the center of the ellipse) passing through 
^jv, the antipole of the line will have its antipole soine- 
w ere on the line M'N . (The above statements hold witli rc'- 
spect to poles and polars, as well as antipoles and polars or pok's 
and antipolars.) 

The pole and antipole of a diameter fall upon the conjugate 
lameter at infinity (Fig. 37B). In Fig. 37A a line through 
e center Co parallel to M'N and the line Cmn^o are conjugate 


\l{( U A SM.} .Si. > 


M * » 


If (ho loiiKfhs itf (ho iiml HXi*« of jtn 

ellipse nro known, (ho nnfi|Htlo of any lino or axis oiin In* ilo- 
terinined l»y a siniplo Kraphioai oons(nio(i«»n. For oxamplo, in 
Fig. .'IH the anti{Mrlo (f '.w.v) of -I/.V may !»> found in the following 
manner : 

Lay off = CJi, and CJ)' - CJ). 

Connect /F with /•’, and />' witht/. 

Draw li'Ii” {K'rpentlicular to H'F, ainl D'D" perpendicular ti» 

ira. 

From B" draw a lini* parallel to CJ), arni froni 1)" ilraw a lino 
parallel to AH. 

The intersection of thes«‘ lines is the antipole ('mu- 



41. Properties of the Center of Gravity of Static Moments. — 

Lot C„ of Fig. 3!) be the center of gravity of the given element, 
which is th(! center of gravity of all the small elastic weights. Also 
let C/e,s' 1)0 the center (see Art. 39) relative to the axis ItB, and 
Gun tlu! center relative to the axis MN. Then the product of 
inertia of all the small clastic weights of the given element about 
RB and MN is 

GXoTJrs = GyoXMN 

This equation shows that if yas should be zero, then also Xmn 
would be equal to zero. Thus it follows that if the center relative 
to an axis falls upon another axis, the center relative to the latter 
will fall upon the first. (It should be noted that this is the same 
relation which exists between the poles and polars, or antipoles 
and polars, of an ellipse, Fig. 37.) Also any axis passing through 
the center relative to another axis will have its center somewhere 
on that other axis. For such axes, which are conjugate axes, the 

/x-P inAv-f-ia rkf ■f.lqcx Gmfjll 


The moment of inertia of the weights about the axis RjS mav 
be expressed as follows: ^ 

IrS = OXcXss 




of gravity C 


rcr rpititi 

/« dipoles and diameters 

/;-. o^I^'pse (Pig. 37B). 

It should now be clear that 

/ ■ >"T 

/ ! i given element with 

/ 1 I respect to given axes must be 

“-/ — i I Po^®s or antipoles of 

/ " which has its center 

^t the center of gravity of the 
m. 39. element and one axis lying in 


Fig. 39. 


- ijuig jn 

The lengths of the maior onW ^ Soometrical axis of the arch. 
e«, we have noryeTj!" LT ” ““ ““ W 


e«, we have yeTiZeT” ““ 

and Ca in Kg, ST Te^Zed^.,! 


Off in Pig. 355 g^^e termed JT Points Cy 

'If ty center, of rotaZ rffheZf « “ 

adored to act on the elemeot. .1 .a , ‘ "’”i ’’ « con- 


sidered to act on the element alon^ 

respectively. Por exS ! f ^ I" - F and Z - Z 

ing moment in each of the amll7!i! ^ ^ hood- 


ing moment in eachTfThe' smZ,.^/ ~ ^ " bend- 

the center of gravity of all thp=!A 

as forces wiU be the Itan^ considered 

element ahcd-that is SotTZ of the 


element ahod-that is! CpTrc: 


elements mi an/m^'ori^TfKc “ensider the very small 

respectively, and assume tLftnd^’ gravity ZanTS 

force acting along an Js ytV S element^ a 

^■>^ 2 ) T and m ^ displacement of A 


M.X.) 7 V tioth mi and ^ displacement of A 
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Suppom! we* ii on th« ntmight lino joining (!i and (!%, 

such that 11 ^* ill otiior wurda, wo will oltocmo ii point Ch-.g which 

is the center of griivily of oc|UiiI to Mi arul ilfg applied at Ch andCs 

respectively. If the point .4 sIhhiIcI rotate about this point due to the force 
acting on the eleiiieiitii nii and the vertical displacement of A would be 


g 'f g *® (Ml + g 

M 

Since Xi-i = Tt + •^3)1 we have 

(Ml ”f g ® g(MiXi + M%z%) 

In a similar manner, tlie horizontal displacement of A under the same 
conditions wa)uld be 


(Ml 4“ Ms)|/i-3 g « g(Miyi 4“ Miy%) 

But these values are identical with those found above for the sums of the 
components of the two displac^ements. Thus the rotation caused by the 
force along F - F acting on the elements nix and m% is about a point Ci„2 
which is the center of gravity of the moments Mi and ilf 2, when these 



Fig, 40. 




Fig. 41. 


moments are considered as forces and applied at the centers of gravity of 
their respective elements. It should be evident that this same proof will 
hold with nispect to any numl)er of small elements and wc have then the rule 
that the center of gravity of the bending moments of the small elements, 
when these moments arc considered as forces, is the center of rotation of the 
largo element ahed. 

Now in Art. 41 it is shown that instantaneous centers Cy 
or Cj/, Fig. 355; are either poles or antipoles of some ellipse with 
respect, of course, to the lines X — X and Y — Y. If the cen- 
ters were the poles of X — ■ X and Y — Y, there would be posi- 
tions of each axis (polar) for which its corresponding center 
(pole) would lie on itself. (A polar is tangent to an ellipse at 
its pole, Art. 40.) This, however, cannot happen since a center 
of rotation can never lie on the line of action of a force. The 
centers, therefore, are the antipoles of the ellipse for the given 





UUIS (JKE\ 


In order to determine the Icn^cths of t}if‘ ruMifu. i 
axes of the ellipse, consider a force P, lyi„^r iiV (h,' j'ln.i!"!’*'-*’ 
an acting on the section ad of the element abed, Fig 4i since 
Pi acts through the center of gravity C of llm i ‘ 

shortening due to this force will be ^ ^ the 




placement of the face ad is eoLftoTi! 

the moment of inertia of tS ^ i by 

tte line of .etionuhe WP '“P“‘ *“ 

(radius of gyration) of the elHn«»^' t semi-minor axis 

will be I n>„11 oOnSr aSt,“ ^ ‘T,' 

e?s:r -p«tT s s: t: 


= Pi-G-p^ 


«Siit".rbe^srr;~ *- -» 


Pi-(?- j =Pj.(y.^2 


p = r (of mw/n /n) 
y A{oi mm'n'n) 

ira?:r^ r 

radius of gyration of the central cn^^ ^ be the 

In a somewhat similar manner usi^rr^'^^D ^ 

^rth face ad, the semi-axirof th? ir T connected 

may be shown to be ^ ^ Ibe arch axis 


Pi = /jX °I nbed) _ /y 

V 4 (of ahed) ~ ®-Vi 2 "" 

<mpIoKaio“deSli“mtera„'^®'PP‘'‘- ““y »«w be 
“•• ” ““-poles relative to any given 

wight 5 tte Itirttt? t‘ "I”*'' ‘’■o o'“«e 

““■oer an we have thetStt ‘‘'iSo'e ateh in the sante 


H th« ,u,li,...l.; ..( «..■!. »n -I W ^ f m.f.- "t roW™- »< 

•:: t';'::r:r ;,;^ .h. .™.. 

Tlie taietli uf llu' miii-ininor nxm »o'iU “1““' *“ 



,h»e r »p,.«..U, tta u— «t „t .al tho ..!««» weighs 


WiiOXCJ. — - - 11 il 

.bout tho ux» X-X, «..! 2^0 ropro«»t< the mm of all th« 
,Mght». Thu tauth w3ld “tokorabouUhc a..h 

?-T T)":™,ru;rip« .orin u„.y— 

not have vertical and horwonta axes M ano 
method of detennininR the position of the ellipse for 

will be given in 35 ^) it is shown in Art. 39 

For a Hyniniet.ncal arch p>«- ^ , q cause 

that any vert ical force "2. This same conclusion is 

only vertical displacaanent of _ P elasticity. For ex- 

reached from the theory of ^ . P . u . v ejiipge and the 

.raplu, the toree V .ute along the mmor f wirupon the 

.ntipele, or »rt“ 4 “wUoh mean; that thia force 

z” r::Zh;n™»u/t poJ;* r 

meat in a alraight lino pcrpendrcul M to to 

43. Graphical Constructions for Fmdmg _ 

nets of Inertia of the Elastic Weights.-In Ait. 
ing formulas are derived: 

Ma:2y = P^Gx' 

Vlf Gx^ = F2 Gx-x' 

A 1 ’ 

H'Z^^Oy^ = - 

, . . -i i„ +r> flptermine the moment and the hori- 

Zlw vertfoirlponent. of to reaction acting at to point 



0, Jig. 35X. In order to fi»d Jlf„ V, a,„l //, it i« iir„i nncnBnnny 
to determine the values of the following exprc^ssions : 


B 

2 G 

A 

'LGx^ 

A 

B 

2 Qy^ 


B 

2 

p 

2 Gx^x^ 

p 

if Gy •x' 

p 


This may be done graphically. In fact it will be shown later that 
the graphic^ constructions for finding moments and products S 

Tf 1'^ Sr thi vaCo 

view ’ ’ are made with this result in 

tot'foteH'fLrfb? 

order to gain clearnesfin thfe 1 graphically. In 

-eights aLmed-nZefy.*^: 7 S T 

toncenSd '«pectively Ip other words, five 

at any five selected 

of “centers” or antiLl • +k^ eliminating any consideration 
method will be shS as neif T discussion. The 

axes oblique to each other ^ g®“eral by choosing coordinate 

of gravity Oo, 

polygons U and Por LamoTe f f equilibrium 

(the inclination of wtiiVV. i “v ' determine the axis X - X 
are assumed to acr^amUef decided upon), the weights 

is constructed, and then themrr^ ^orce polygon 

U The line X ~r f”^f®Ponding equilibrium polygon 

last sides of the equilibrium n f P' of the first and 

of gravity of the system A1 contain the center 

determine, on " 

the corresponding weights with 'lo the moments of 

the center of the system. The ax^F - f'" 
m a like manner emnlovmo- + 1 . 4 ? ^ iiray be determined 

rium polygon f polygon f. and the equililn 

I'WeroriLtheUteT!'”^.”^^ »es X - X and 
■ s- sn„,„ . ° »' ‘1>P system. 


AIWH ANALYSIS 


r/ii 


If vertleals tin* drawn tlirough the pointe of application of 
the weightH^ tlie HOgincaitH cut off on any given vertical by the 



equilibrium polygon /& will be proportional to the moment of all 



Fig. 42 shows what mterropts 8h(»ultl In* i’c^uHidiT^d to give 

desired moments. 

As stated above for polygon /«, th(^ Hidos of the ociuihhnum 
polygon /ft intercept, on the axis Y - Y, si^goHaits proportional 
to the moments of the weights with to this axis. If 

these segments are treatcHi as verti('al fc»r(*f*s appliinl at the 
points of application of the cndginal weights, the* e‘c|uilil)riiun 
polygon /c (constructed by ineaiis eif the^ forea* polygon F,) will 
intercept, on the axis Y - Y, a se‘graeait which will 1 k‘ pro- 
portional to the moment of inertia of tlie wi^ights witli respect to 
this axis. This segment is d(‘tt‘riuine»d by the^ first and hist 
sides of the polygon /e. As shown in Fig. 42 the inten^epts on 
verticals through the points of applieatiem e»f tln^ weights (Corre- 
spond to the general expre^ssion - x\ If {‘(juili! niuin polygon 
fd is constructed in a similar manner to |K>Iygon /, (only with 
respect to the axis X - A' instead <ef }* — Y), them tin* s(‘gment 
cut off on the axis A - Ay b(iw(*cm the first ami last sieh^s of thtc 
polygon /<!, is the monmnt <ef inertia of the* weights about this 
coordinate axis. 

The equilibrium polygon /« d<‘t<*rmine*s the* inonnads of tlu* 
weights with respect to the axis X — A*. If the*s(* monH‘nts anc 
considered as forces and af)plicMi at the* points of reppli(‘ation of 
the original weights, Init this time* acting ve‘rtieall>y tin* (Hjuilil)- 
rium polygon /fl (c;orr(‘sponding to for (M* peiygem Fj will int(‘reept 
on a vertical through any weight, a .^e*gmont leropeertional to the 
product of inertia of the* weights tee one* side* of the* give*n v<*rticul 
with respect to this v(*rtic‘al ami tin* A* - A axi’^. Fig. 12 shows 
what intercepts to consid(‘r fe»r nnancrets (»f tin* wciglits to the 
right and those for mome‘nts eef the* we‘ights te* tin* le*f( of any 
given vertical. 

44. Method of Analyzing Symmetrical Arches for Loading 
Only. — The graphical (‘onstructiems in Fig. l.'i :irr >inular to thoscc 
given in Fig. 42 exc{*pt that (/,d/..,e*te*., apply tee the* (*!asl ie* weights 
of arch elements (iruKhc of h‘ngths for (’onvf*iiii‘ne<‘i inst(‘ad 
of to the weights of (concent rate«i lee.'tds. Fae*h part ed a giv(‘n 
element has an (iasti<c w(*ight of its own (Art. .'i!Py c(jnst*(|uc‘n(ly 
the centers of each (‘l(‘ni,c‘nt with respect to ax<‘s X - ■ A and Y ~ 
F must be deterinin(*d. Tht'se* may !»<• foumi by nn‘ans of tlu^ 
ellipse of elastkity, as (*xplain(‘<l in Art. 40. yinea* the* arch is 
symmetrical about a (‘(‘nt(*r lira*, only tnn'-lialf of tin* structure 
need be considered. Tin* arch is divid(‘ei into a small numlx*!* of 
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eleiu(*nts in ordcn* to show tho method without any considerable 
duplication of work. 

In finding the moment of inertia of the elastic weights about 



Fig. 43 . 

the axis F — F, by means of the equilibrium polygon /c, the 
moments of the elastic weights determined by equilibrium poly- 
gon /ft should !)(^ considered as vertical forces acting at the 





Xhrjxxy A. 


(IF, 2F, etc.). Similarly, the moment <jf inertia of tin* (-limtic 
weights about the axis X - X (wm* e(iuilii>rium polygon f^) 
should be determined by assuming tiu' moments of the (dastic 
weights, given by equilibrium polygon /,„ to net ;is horizontal 
forces applied at the centers of tlu' arch (dcunents ndative to the 
axis J - X. The equilibrium polygon f,. should h(‘ driuvn by 
assuming the forces corresponding to tln^ moments with respect 
to the axis X - X to be placed at tlu' cenfrrs relati\-e to the same 
axis, but acting vertically. (TIu* results from (‘([uilibrium 
polygons /a and /d should be check(‘<l analytically in many cases 
as the intersections are not advantageous and may lead to 
cumulative errors. The force polygon with P„ as pol(> may be 
drawn to a larger scale for convenicuice in drawing th(> corre- 
sponding equilibrium polygon /,.) 

It should be noted in Fig. 43 that the jxde distance h is taken 


equal to 2(?; that d is made equid to 


hr 


and con.sidered as unity 


lY///" 

in scaling; that e is given a value ecpial to ; ami t hat the pole 

Pc is taken on the end string of the eciuilibrium polygon /& which 
occurs at the right of the entire arch, this string being produced 
backward to the left side of the axis >’ — By so doing the 
values of the reactions and the moment .If,, for a load unity at 
any given point may be scaled directly. 

The truth of the preceding stateim-nf may be provasl as 
follows: From the preceding article we know that 

li 

PX (Is' 

71 f _ 


With P = 1 and 6 = XG, we Imvi' 


df„ 


II 

( iX 
V 


which may be scaled from Fig. ■};< in the manm-r simwn for a load 
unity at p. (See also Fig. 42.J Likewi.-c 


PX^ Gx- 

r. 1— 

2 Gx^ 

A 


li 

2 r/.r. 

p 


he 


hr 

H 

2 


p 

N" / ' . J 

— > w J • .r 

he. 
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Ph (ly • x' S Gy ■ x' 

- = X , - 

s (hf 2 Gy^ 


ae 


n li 

X^Girx' 2^6y ^ 

-(Hmco-^^^^- = e,or2^(?2/^ = a.) 


The student should note that the first and last sides of the equilib- 
rium polygon in Fig. 43 would coincide if the right-hand half 
of the polygon wtu-c^ (completed. This occurrence is due to the 
fact that the directions of the coordinate axes are conjugated and 
the product of inertia of all the elastic weights with respect to 
these axes must l)e zero (Art. 41). Thus the values of Ma^ Vi, 
72, and II due to a load unity at any given point p may be de- 
termined by drawing a vertical line through the point in ques- 
tion and, in the manner shown in Fig. 43, scaling the intercepts 
which are cut off on this line by the sides of the equilibrium poly- 
gons fbj fcj and /a. By laying off H horizontally as in the draw- 
ing and joining the point p' to the ends of Vi and 72, the 
magnitude and dire(!tions of the reactions may be determined. 
The actual position of Iti may be found by drawing a tangent 


Ma 

paralh^l to ]/q at a distance from the point 0. The right 

reaction R 2 may then be drawn from the intersection of Ri 
with the v(‘rtical through p parallel to p'm, 

(Jonsidcu’ing d ecpial to 1 lb. in scaling, we have, for a 1-lb. 
load at p in Fig. 43, Hi = 1.05 lb. and M = 17.7 ft.-lb. The 

17.7 

lever arm of Ri about 0 = = 16.9 ft. In a similar manner 


the reactions may b(^ found for a 1-lb. load at other points on the 
arch. Tlui inters(‘c,tion line shown passing through n (Fig. 43) 
is intendtul to r( 5 i)r(^sent the line of intersection of all reactions 
with their corrc^sponding loads. It is shown as horizontal in this 
cas(^ in ordcn* to sav(^ the labor of determining its exact location. 

Influ(UH^(‘ lines may now be drawn in the manner described in 
Art. 34 and the maximum stresses computed. Another and more 
grai)hi(ail mcdliod, however, of determining values of ordinates to 
influcuKu^ lin(\s to r(‘present maximum stress is shown in Fig. 44 
with r(if(ir(m(U‘ to a given section designated as S. It is convenient 

1 r'» J-Uici » V \ l\ / \ ^ 1 /-v / 1 1 i’ll! T'AfliOtl OUS aud thO 


• line for horizontal thrust (//) whi<-h, uf <-uurs(‘, may be 

ri!”ed direcUy from the dot» giv™ in 1%. Id. Sov i„„ 

nf the unit load are shown. a . -i 

AsLming no tension at a given seetmn greater t han th,‘ imsilo 
Bt«“h Of the concrete, we have, fro.,. ..Ul. .-I, Nolu.nei, that 
the stress on the extreme fiber 


iT , 

/c = A ± 


A' _ A'/tiXi 


where N is the thrust normal to the sect ion, ami .r„ ami r, an- the 
distances from the gravity axis to the point of appheatmn of the 



thrust and to the extn'ine tihi'r respect ivel,\ . l.et be tlie h'tter 
used for the radius of gyration of the seetion. then 

.1 ■ 

If the stress in the upper fiber is (lcsin*(l, th(‘ mnurraifir in the 
above expression repres(‘nts tlu‘ nuuntnit altout a ]nmit a <iistan(‘(‘ 

— beta the gravity axis of tin* se<'ti(»n, whrrf* Xi is tin* tlistan(*(‘. 

Xi 

from the gravity axis to th(‘ upper fiber. Siinilarly tlu‘ nioiiHait 

for the lower fiber would be takcun about a point a distaiief* 

aba2;e the gravity axis wlua-c* .rj is tin* <iistan<*o from (he gravity 
axis to the loiver tihew If we denote t!H*>r monnuits by 3/« 
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and Mi, und thn inaxiinuiii fiber stresses by /« and/,- respectively, 
then 

f _ Jf. Me 

^ _ p2 - £(-) 45) 

Xi 

f _ Mi Mi 

^ ; p-^ “ I^) 45) 

Xi 

Me and Mi are given graphically in Fig. 45 as the products 
R{a(‘) and J{{bt) rtispoetivcly. It will be more convenient, 
how(W(‘r, to draw vc^rf ical lines through the points e and i, and 
to determine the products H(ge) and H(fi). 



Wit.h above (lis(uiHsi()n in mind, let us consider the influence 
on s(Httion Kifr;. 44, of a 14b. load at point 5. A vertical 
througli this point/ shows the horizontal thrust to have a value 
ah — " ().9S 11)., and a line drawn from the same point on the inter- 
s(‘c.i.ion lin(‘, tan^emt to the envelope of the left reaction, cuts off 
th(‘ (list an(*(‘s ge and fi on the verticals through points e and i of 
the giv(‘n s(‘e,ti()n S. ge = 2.00 ft. /^ = 0.35 ft. Therefore 
Me = 1.90 ft.4b. and M» == 0.34 ft.4b., and these moments may 
1)(‘ pl()tt.(‘(I as the influence lines for fiber stress since the denomi- 
nators in the pr(‘(^eding equations are constants. 

45. Method of Analyzing Unsymmetrical Arches for Loading 

Only .—In (hn’iving equations (8), (10), and (12) of Art. 39, the 

n B B 
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A f I 


* ' ' i i I /*v 


= 0. The first two assumptions cxpnvss ihc coiulHion tliat the 
origin of coordinates is taken at the coiii(“i of g;i uv ity of the (“lastic 
weights, while the third assumption is satisfied wlicui the product 
of inertia of these weights referred to the two eotirdiiude axes 
is zero. In Arts. 41 and 42 it is shown that t he latter is the case 
when the two axes are conjugate diameters with rt‘f('reric«^ to an 
ellipse for the entire arch with its centca- at the eentcr of gravity 



Fit;. ‘Id 


of the elastic weights. It will he coiiveni.-nt to asstnne a v<Ttical 
direction for one of the coordinafi' axes. In a svminetrieal arch 
It is then recognized at once that Ih.- horiz<.nfaI axis is eonjagate 
to the vertical, but this is not sofor an are!, (hat is unsynunelrieal. 
For such an arch the additional laol.han is present,.',! <,f finding 
a coorchnate axis which will Ix' conjugate to the assuine<l vertical 

Ti- ® readily be accomplished graphically, 
in Fig. 46 let points 1. 2. n,wi .i t„. ,i... 


. .. 4 . . 
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of elements with elastic weights (ri, (?2, Gz, and Ga, respectively. 
0 is the center of gravity of all the elastic weights and may be 
found as usual by assuming the elastic weights to act, first 
horizontally, and then vertically, and finding the line of action 
of the resultant in each case. The intersection of these two lines 
locates the center of gravity of all the weights. The construc- 
tion to find 0 is all shown by means of force polygon Fi and 
equilibrium polygons / 1 and 

Now in order to find a conjugate diameter AA^ to a vertical 
through Oj take any vertical axis MN and extend all sides of the 
equilibrium polygon /2 to intersect this axis at O', 1', 2', 3', and 
4'. The segments, as we know, will be proportional to the 
moments of the elastic weights with respect to MN. Consider 
these segments O'l', 1'2', 2'3', and 3'4' as forces and find their 
center of gravity Mn assuming that they are applied at the same 
points 1, 2, 3, and 4. The construction is the same as for finding 
0 except that the acting forces are O'l', 1'2', etc., instead of Gi, 
6^2, etc. The force polygon and the equilibrium polygons fz 
and/4 furnish the solution. The vertical passing through the 
intersection c of the first and last sides of fz will contain the point 
Mn. Rotating by 90° the forces O'l', 1'2', etc., about points 1, 2, 
3, and 4, the horizontal through the intersection d of the first 
and last side of Ja will also contain Mn. Thus the meeting point 
of the vertical through c and the horizontal through d will defi- 
nitely determine the point Mn which is the antipole of the ellipse of 
the (uitire arcli with respect to the vertical axis MN. As shown 
in Fig. 37A, a line through this point Mn and the center 0 of the 
ellipse is a conjugate diameter to the line MN or to a parallel or 
vertic^al line through 0. Thus AM is conjugate to a vertical 
through the center of gravity of the elastic weights — that is, 
AA' is the i)roper coordinate axis X — X corresponding to a 
vertical axis Y — Y. 

Once the conjugate axes for an unsymmetrical arch have been 
determiiuMl, the remainder of the arch analysis is similar in every 
way to th(^ analysis of a symmetrical arch described in the preced- 
ing article with the exception, of course, that the entire arch 
must 1)0 (considered. The method of analysis should be clear 
from a study of Figs. 42, 43, and 44. 

46. Temperature and Rib Shortening. — If the left end of the 
unsymmetrical arch A/i, Fig. 47, is assumed as free, a variation 
rif in f AmnArnf.nrA will Ruv Unit linear dimension 


to a length 1 + tJo, U being th(‘ coelficicnl of lint'ar teiupcratur 
expansion. The length of arch chord, i, will hcfoiiK' /'(( ^ 
tctj)) and this will be accomplLshcd without atiy rotation The 
reaction at the free end of the ar<-h to return the arch axis to its 
original position must be .such that no rotation is produced 
which means that the line of action of such reaction due to tom’ 
perature must pass through the elastic center O, and li(> in tJie 
diameter conjugate to the normal to the chord of tin* arch (see 
Arts. 40 and 41). The method of finding a conjugate- axis to 
the normal is the same in principle as the nn-thod exfilained in the 
preceding article for finding a conjugate* axis to the ve-rtical. By 



A 

Fitj. 17., 


formula (6) Art. 30, the di.s,,la,*cm.-nt of (, , rigidlv fast, * 0 .*, I to 4 1 
IS as follows: ' 

//i I'tJ,, 


in which H is the reaction ami -/a,, • „(■ 

of the entire ekstic syst,*m with n*sp,.c( the lin,. „f act ion of the 
forceFandto the arch chord. If Fia. 17. is the anti,, oh* of tin* 
ellipse with respect to the .-hor.! AH, ,h..n ,h, .lispltu-ena-nt 


along AB is equal to nUH'')\n 


II nj„ 

II 

tl- r ■ 

Inordertodetcniiine(Im;m(i„„I,.„,,f 

AB using the graphical emstruCti,,,. ..f i L* -s ‘ 

the principal ax, « of the i„%‘' ) I'';' '‘"'"'■ngths of 

determined by tlie LrrininVul ♦ ■ Uif t|u;ifififi«‘.s aln'ady 

».V tnc gmplucal .•oasU-„..„„a. f„, 
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to the (‘Ilipse of elastic, ity of i 
X and Y, For example, in Fij;. 48 


he system parallel to the conjugate axes 
the normal distance to axis X - X is 


ah = 



whoro h reprosonts tlio moment of inertia of all the elastic weights about 
the axis A' - A and 2, O represents the mm of all these weights (see Art. 
42). Likewise 


cd = ^ / B 
Vs G 


Y 




The lengths of the (ionjugate diameters being determined in the above 
man mu-, the grajihical c.onstruction shown in Fig. 49 may be employed to 
determine tlie dir(‘ctions and lengths of the principal axes. 

Let AB and Cl) b(i two (conjugate diameters of an ellipse. From C draw 
CE normal to AB and upon it, starting from C, lay off CF ^ 0 A. Join F 
with 0 and on FO, as <liameter, describe the circle G. Join C with the center 
a obtaining t-he two intersections // and K. Then OK and OH will deter- 
mine 1,he direc,tion of the principal axes. CH will be the length of OF, and 
CK that of OX. (In order to obtain sufficient accuracy it will be necessary 
in many c,as(^s to assume an ellipse with the lengths of its conjugate diam- 
eters some suitable multiple of the lengths of the conjugate diameters of 
the true ellipse.) 

If thft arch is symmetrical, then the force H acts along the 
horizontal or major axis of the ellipse of elasticity and 

HX (h/ = IUd 

A 

£) 

~f} 

'O /-i n 


or 




B 

The value of 2 Gy^ is easily found from the graplucal construc- 
tion of Fig. 43— that is, from the equilibrium i)olygon U (If 
has been considered as unity in calculating the (dastie weights for 
Fig. 43, then the above value of H should be muitii)li('d by the 
actual value of Ec- It is permissible to a.ssume E, a.s unity in 
analyzing for loading since equations 8, 10, and 12, Art. 39, 
contain the value of Ec on each side of tlie equality .sign.) 

Rib shortening causes the same effect as a lowering of the 
temperature. By referring to Arts. 14 and 34, it should Ite clear 
that the following formula may be employed to solve for the 
equivalent temperature drop: 

f 

^ ~ EcU 

where c* is the average unit compression in concrete of arch ring 
due to thrust. 

47. Analysis of a Symmetrical Arch — By A. Ch .Janni, C’onsult- 
ing Engineer, New York City, Designer of the Carondelet Park 
Bridge, St. Louis, Mo. — The arch of tlu^ ('arondi'hd. Ibirk l)ridge 
(see Plates XII, XIII, and XIV of Cdnipter XIII) is a rcinforced- 
concrete hingeless arch of the solid barrel type, with segmental 
intrados and extrados. Its principal dimensions jiia* us follows: 


Span ff,. 

Rise l.m ft. 

Thickness at key 1.50 ft. 

Thickness at springing 2.50 ft. 

Intrados radius 15-1 .00 ft. 

Extrados radius 1 70. (M) ft. 


A longitudinal section of the liarnd of tlu^ arc*h I ft. in width 
was considered, and the graphical const nu*! ions were (‘onfined to 
one-half the arch on account of its syinnudry. 

Since the length of the geometrical a.xis of on(‘-half th(‘ arch 
was found to be 48.80 ft., the dividing of t h(‘ areli into edght (‘({ual 
parts (made equal for convenience^ gav(‘ (‘aeh (‘hniunit a haigth 
of 6.10 ft., and the semi-axes of all the (‘Ilijisc^s of (dast ieity of the 
various elements lying in the arch axis had tln^ same value, 
namely: 

Pi = 6.10 X = 6.10 X ().28i) = 1.76 ft. 
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Taking into account the steel reinforcement in the various 
cross-sections of the elements, the area, A, and moments of inertia, 
J, were found to be as follows: 



A 

/ 

1 


... 0.46 

2 

2.48 sq. ft 

... 0.46 

3 

1.93 sq. ft 

... 0.46 

4 

2.03 sq. ft 

... 0.55 

5....... 

2 . 13 sq. ft 

... 0.64 

6 

2.33 sq. ft 

. .. 0.87 

7 

3 . 18 sq. ft 

...1.48 

8 


. .. 1.92 

The elastic weights of the elements ( ~ = G] 

\EcI j 

, assuming Ec = l 


for the sake of simplicity, were found to have the following values: 



G 


G 

1 

13.26 

5 

9.53 

2 

13.26 

6 

7.01 

3 

13.26 

7 

4.12 

4 

11.09 

8.. 

3.18 


The semi-axes of the ellipses of elasticity^^^ 
axis of the arch, were as follows: 


1 0.43 ft. 5 

2 0.43 ft. 6 

3 0.49 ft. 7 

4 0.52 ft. 8 


, normal to the 


0.55 ft. 
0.61 ft. 
0.68 ft. 
0.75 ft. 


The graphical constructions on Designing Sheet No. 24 were 
mad(^ in th(^ following manner: 

Polygon pi . — The elastic weights given above were considered 
as verti(‘.al forces applied at the corresponding centers of gravity 
of the elements. The static moments of these forces with respect 
to center line'. Y were then found by means of the force polygon 
with the pole distance 2(7, and the corresponding equilibrium 
polygon pi. The sid(^s of Pi, produced, cut on the vertical 
through 0 the static moments required. 

Folygo7i p ^- — The same elastic weights given above were next 
assuiruMl as applied horizo7itally at the centers of the elements, and 
the polygon p^ was constructed to find the position of the center 
of gravity 0 of the elastic weights, as well as the static moments 
of these weights with resnect to the horizontal nassine: through 0, 



Polygon fz . — Knowing the semi-axes of t he ellipses of elasticity 
of the various elements of the arch, f he next st ep was t o locates the 
antipoles 0\. ■ ■ ■ O'b of the vertical through (> with respect to 
each one of these ellipses. The st:itie tnoimmts obtained by 
polygon Pi were then regarded as verti<'al forces af)plied at the 
corresponding antipoles of the elements, and the e((uilibrium poly- 
gon p3 constructed. It should be chair that this fiolygou gave 
the moment of inertia of the whole arch with respect to the 
vertical Y. (The pole P3 was chosen arbitrarily.) 

Polygon p4— The antipoles of the horizontal OX were next 
located with respect to the various ellipses, and these points 

designated as 0"i 0'\. TIk' static niomimts, obtained 

by polygon pi, were regarded as horizontal forcias apjilicd re- 
spectively at the points 0 "i 0 "%. (/The i)ole or center 

P4 was selected at a distance below OA' ciiual to the vertical dis- 
tance between the first and the last sides of the polygon pj.) 
The corresponding equilibrium polygon yr, gavi- the moment 
of inertia of the elastic; system with respect to OX. 

Polygon ps— The polygon 715 was constructed by considering 
the same static moments as witc u.sed in determining the polygon 
Pi, assuming also these moments to act as f(»r<-cs at t h(> .same jmints 

0 "i 0 "s, but this time in a vertii-al direction. (The pole 

distance of the force polygon 7 ':, was made eipial to c. In De- 
signing Sheet No. 24 this distance is shown as 2c, but this is be- 
cause the entire force polygon was made twice the usual size for 
convenienceindrawing the corresjionding equilibrium iiolygmi pt.) 

Polygons pi, pz, and pz an* the only polygons necessary for 
the study of the arch. Tiny are, so to sjaaih, I'haracteristics 
peculiar to the arch, by means ol wliich moments, vi'rtiiad 
reactions, and horizontal thrusts can be determined immediately 
for any hypothesis of loading. 

DeadLood, For 1-ft. width thi‘ following loads were computed; 


Weigh 

t nf 

Wf 

•ight 

uf till 

(‘ieriie 

nl.s 

«»Vf 

n' <*h' 

'nK‘ntH 

O.tiSti 

ton . 

0 

i:»7 

ttin 


tun 

0 

. 1U7 

tun 

O.T.TJ 

tun 

0 

ulS 

ttm 

().77S 

tun 

0 

.ti7() 

tun 

(i.S2:i 

tun . 

0 

Sul 

ttni 

().inr> 

tun 

1 , 

1 10 

t uriH 

1 Dm 

ti>ns 

1 

:>so 

f uJiH 

1 .Ohs 

tun.s . 

, 1 

uOO 

tun.s 
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Th(‘. v(‘rti(*uls of ilu^sc^ loads, applicul ai the respective centers of 
gravity, cut th(‘. polygons pi, pa, and p 5 . The intercepts on these 
verticals with polygon pi, measured to the scale of the drawing 
and inultipli(Hl ea(‘h by its corresponding load, gave in each in- 
sianc(' the amount of the moment at the point 0 for the load in 
question. Adding together all these partial moments, the total 
moment at 0 was obtained due to the dead load of the entire 
arch. 

Similarly, the intercepts on these verticals with polygon ps 
(rneasurcMl on a scale having as a unit the vertical distance 
l)etwe('n the first and last side of polygon pa) multiplied each by 
its corresponding load, gave in each instance the amount of 
horizontal thrust due to the load under consideration. Adding 
together all these partial horizontal thrusts, the total horizontal 
thrust was obtaimul. 

Th(^ results were as follows: 

SAf = 442.816 ft.-tons 
2// = 33.458 tons 


Knowing the total dead load of the arch = 13.766 tons, the 
points where the resultant reaction crossed the axes X and Y 
wen^ found in the following manner, the values of x and y being 
giv(m with r('sp(‘(vt. to the center 0: 


442.8 K) 


= ft. 


442.816 
■' ~ 33.458 


13.20 ft. 


Th(' (‘xact. position of the polygon of pressure, therefore, was 
l()cat(‘d, a,nd thc‘ maximum stresses (tons per square foot) in the 
four sec.tions a^., Hu, and aS^ due to dead load were found to be 
as follows: 



IntradoH 

Extrados 

Si. 

11.354 

17.034 

y., 

8.663 

26.447 

>ss 

11.686 

19.481 



33.400 

-105.000 (steel) 



1-55 Ztil/iiVi’ ^ 

A short graphical method of analyzing an arch for dead load 
(including temperature and rib shortening) is shown in De- 
signing Sheet No. 25. Since dead load usually controls in 
the shape of an arch ring, this method should be used for 
mairmg preliminary investigations with a view to determine 
the probable adequacy of the arch dimensions assumed. Proof 
of the correctness of the graphical construction may be found in 
the Journal of the Western Society of Engineers, issue of May, 
1913. The method in detail is as follows: Construct equilibrium 
polygons p 2 and pi as in Designing Sheet No. 24. On an arbi- 
trary vertical ah lay off the dead loads and assume the pole Po on the 
horizontal through a. Draw the corresponding equilibrium 
polygon Po intersecting with the verticals through the points of 
application of the loads. Now load the polygon po horizontally 
with the same elastic weights as determined for the arch, at the 
points where the verticals through the centers of gravity of the 
elements meet the polygon po. Then intersecting these hori- 
zontals with an equilibrium polygon p'a, corresponding to the 
force polygon Pa, the center of gravity O' of this new elastic sys- 
tem is determined. Again load the polygon po with the static 
moments found for the construction of polygon ?> 4 , but this time 
assume them applied at the meeting point of the verticals through 
the antipoles with the sides of the polygon po. T'he eciuilibrium 
polygon p'i, corresponding to the force polygon Pi, detca-mines a 

distance 2 ^' between its first and last side's, ddiis distance is 

proportional to the moment of inertia of the elastic weights 

acting on this new elastic system, in the same manruu that 

is proportional to the moment of inertia of the sysle'in of ('lastic 
weights with respect to the horizontal passing through 0. 

Between the polygon po and the true pressure' pe)Iyge)n p there 
is a geometrical relation. For example, the elist ane'ee e)f iuiy pe>int 
on the true pressure polygon p from the he)rize)nt.;d thi‘e)ugh 0 can 

be obtained by multiplying by the ratio the dist ance' from the 

horizontal through 0' to the point of the polygon y>o on teho same 
vertical with the point in question. Thus any distanc('. as hk 

equals /c'A' multiplied by The horizontal thrust aP^ likewise, 

may be found by multiplying the assumed tlirust aPo l)y the in- 

•U-Ptflp A-f ? 
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In the arch in question J = 1.34 and the assumed 

horizontal thrust = 25 tons. The true thrust, therefore, was 
1.34 X 25 = 33.5 tons. The ratio ^ = 0.745, and the 

vertical distance between O' and the polygon = 0.70. Then 
0.745 X 0.70 = 0.52 determined the exact point where the true 
horizontal thrust intersected the key of the arch. 

Note that the coordinates of the resultant obtained by the 
method of Designing Sheet No. 24 checked exactly with those 
obtained by this method. The horizontal thrust also checked 
by the two methods. 

Temperature. — The horizontal thrust, due to temperature 
changes, passed through 0 and its intensity was given by the 
formula: 

rr ItcE c 

"" " W 

where 

tc = coefficient of expansion = 0.0000066. 

I = span of the geometrical axis = 95.7 ft. 

Ec == modulus of elasticity of concrete = 144,000 tons per 
sq. ft. 

^(hj^ = moment of inertia of the arch with respect to the hori- 
zontal passing through 0 = e X 14.16 X 11.76 = 
2.64 X 14.16 X 11.76 = 439.61. 

(e was measured to the same scale as the elastic weights — 
that is, 1 in. = 6 units. The polar distances were 
measured to the same scale as the drawing, namely: 
1 in. = 3 ft.) 

Substituting these values 

0.0000066 X 95.7 X 144,000 . 

= 439.61" " = 

for 1° change of temperature. For a change of 30°F. 

H = 6.00 tons. 

For a drop of temperature of 30°, which was the only case need- 
ing consideration, the following stresses were obtained in tons 
per square foot: 


Intrados 


Extrados 



14U rbJ2jj.iy i' ^ 


Shortening of Arch Due to Dead Load and Sliri iihage. -Tlio. 
shortening of the geometricnl axis of tlu' arch due (o d('ad load, 
at the time when the arch is allowed to hear ui)ou its supports, 
may be considered as a shortening due to a drop in t('inp(>rature. 

Knowing, by means of the pressure polygon, th(' amount of 
compression on each cross-section, and knowing also tlu' modulus 
Ec, the shortening of the arch was calculated and found to corre- 
spond to a drop in temperature of 23.4 I* - 

The arch was concreted by the alternate block method (see 
Art. 53) and the shrinkage of the arch wms confinc'd to the shrink- 
age of its keys only. The total key space was G ft., and was 

considered the ratio of shrinkage in a 1:2:4 concrete. The 
shortening of the arch axis, using these values, was found to 
correspond to a drop of 4.6°F. in the arch. 

The total drop of temperature due to the alrove two causes was 
assumed at 28°F. The corresponding horizontal thrust which, 
of course, passed through 0, induced the following stresses (tons 
per square foot) in sections Si and Si of the arch. 

Intraclos Extrados 

At spring (section Si) . 8.30 (concrete) —315 . (K) (stetd) 

At key (section * 84 ) . -42.00 (steel) 5.80 (concrete) 

It might be interesting to note that had the arch })Oon concreted 
by longitudinal sections from springing to si)ringing in on(‘ opera- 
tion, the shrinkage in the concrete would hav(^ indin'cnl in the 
arch, stresses equivalent to a drop of tenqxTaturc^ of 

Stresses Due to Live Load . — From D(*signing Sluxd No. 24 it 
should be clear how the envelope line's and the int(‘rs(‘etion line 
can be constructed, the construction being fully indicated for 
position 4 of the load. 

In Designing Sheet No. 26, which iH'prc'scmts th(' whole arch, 
the envelope lines, the intersection line, and tlu' polygon have 
been redrawn. 

By means of the above lines, the various reactions eorrc'spond- 
ing to the several positions of tlu^ unit liv(' load, togcdlu'r with 
the corresponding horizontal thrust in ('ueh (‘as(‘, have* hocn 
determined. Moments have been detenninc'd, lik('wis(', for the 
kern points i and e of each section and the rc'sults obtained are 
given in the following table: 

Influence lines for kern moments have hc'cui olottf'd ir) 


0.50 ! 2.021 3.001 l.oil 1.50!|-0.53| 0.251-0.261 0. 12i{ - 1 .901 - 1 . 25! -O.QS! -0. 621! -1 .431 -0.931 -0 .7l! -0 .47 
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15.90 -8.72 -7.95 1 4.20 4.93 2.10 2.47 0.30 0.92 0.15 0.46 





XI/ X-/. 


i SheetNo. 26. These influence linc.s have no direct importance 
in a design of a reinforced-concretc arch section where the temsion 
in concrete is omitted, and the intention in showing them in this 
case is to demonstrate how careful a designer should he in apply- 
ing certain empirical rules of loading in oiahn-, as he thinks, to 
find the maximum stresses in the arch. J hes(‘ liiu's show clearly 
that the maximum stresses at intrados and extr.ados for the same 
section do not happen with the same hypothesis of loading. 

The stresses at section Si due to the live load of 100 Ih. per 
square foot were found to be as follows in tons per square foot: 

Intrados Extrados 

10.60 (concrete) -243.0 (Hteel) 

Total stresses in section Si of the arch were finally determined 
and found to be: 

/, = 12,750 lb. per square inch (steed) 
fi = 850 lb. per square inch (concrete') 

The computations of the stresses in the se'clions and S 4 

have been omitted, as they would liave shown srnallc'r stresse^s 
than those found above for section 

Design oj Abutment — The resultant due to the' (l(*ad load of the 
arch was found to be 36.2 tons (pcT 1-ft. leaigth of ahutmemt) 
and the vertical dead load on tlw ahutin(*nt itsedf, 45. (K) tons. 
The resultant of these two forces was 67.500 tons, and its vc'rtical 
component 58.7 tons. (See Designin|i;Sh<'(4 No. 27.) Th(‘ result- 
ant dead load intersected the l>as(^ at i)(>int K whicdi is not the 
center of the base. Using formulas for txaiding and dir(H*t stress 
for compression over the whole sec.tioii, tla^n' r(‘sult(‘d a prc'ssure 
of 2.5 tons per square foot at C and a pn^ssure of 0.28 ton pea* 
square foot at D, 

Z 2 and are shown as the middle third j)()ints of tlu' rt'ctangu- 
lar base CD X 1 ft. If from AN W(* draw tin' tangcait KiH to the 
left envelope line, all positions of th(‘ Iiv(‘ load to (hc‘ right of H 
will cause compression at C. Also if w(' draw from Ki thc^ 
vertical AiF, and from C the vv.riiviil tY/, all positions of i\u) 
live load between C and F will atlVcd th(‘ point (' in the' sanu^ 
manner, so that the most prejudicial hypothesis of loading, as far 
as pressure atC is concerned, is wIh'ii it is assui!i(*d that all arch 
and abutment is loaded except tla^ spac(^ Fli. 

Assuming, as for the arch, a live load of 100 lb. raa* scpiare foot, 
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the maximum compression at C was found to be 0.50 ton per 
square foot. 

On account of a rise in temperature, an additional pressure at 
C was taken into account. Assuming that there would be a rise 
of 30°F., which corresponds to a horizontal thrust of 6.0 tons, 
the corresponding pressure at C was found to be 0.48 ton per 
square foot. 

The total maximum pressure at C was found to be as follows: 

2.50 + 0.50 + 0.48 = 3.48 tons per square foot 

The part PD of the footing slab was designed as a slab sup- 
ported on two sides (counterforts) and loaded as shown by the 
pressure diagram. 

The part CP was reinforced to stand a deflection indicated by 
the arrow. 

For shear, it was necessary only to ascertain the intensity at P, 
where it was 22.5 tons per 1-ft. depth of slab, safely absorbed 
by the sections of concrete, longitudinal upper reinforcement, 
and stirrups. 

Of course the shear (likewise the moment) increased going 
from P to P, where it reached the maximum; but it is not neces- 
sary to go into details for the sections on the right of the section 
PQj since the shape and area of these sections preclude any possi- 
bility of maximum conditions. The maximum compression at Q 
was found to be 601 lb. per square inch. 

The front wall of the pier (2 ft. thick) was found to safely sup- 
port the vertical component of the total reaction, or 13.76 tons 
+ 4.70 tons. 

Concerning now the horizontal component of the above reac- 
tion, two sections were considered for shear — namely: sections 
HL and MN. The maximum shear in concrete at section HL was 
found to be 52 lb. per square inch (considering the steel reinforce- 
ment to be 12.5 sq. in. per linear foot depth), and at section MN, 
64 lb. per square inch. Considering that a good vertical com- 
pression acted on these two sections, it will be seen that the above 
stresses were quite legitimate. 

Finally, the counterforts were designed as solids under combined 
action of direct compression and bending with regard to the thrust 
of the arch. Fig. 50 on Designing Sheet No. 27 gives an idea 
of how the problem was solved by means of the formula for bend- 




i i f 



Designing Sheet 25. 



-I5.B0 

' Polygon P4 





Designing 3 beet 26. 



Section 


Live Load 






fort, and AB is a section taken normally to MN. F' is the com- 
pressive force on the section and F” the shear. O is the center 
of gravity of the cross-section AB. 

48. Method of Analyzing a Series of Arches with Deformable 
Supports. — Consider first a three-span symmetrical arch struc- 
ture as shown in Fig. 51, whose piers Pi and P 2 are of such di- 
mensions that they can be regarded as deformable. If the arches 
Ai, Ai, and Az were equal, then, as far as the dead load is con- 
cerned, each of them could be regarded as a fixed arch. If they 
are unequal as shown, then, with the overloading of the short 
spans, it is usually possible to drive the resultant to the center 
or near the center of the base of the pier. This result being 
accomplished, it is then permissible to consider each arch as 
fixed. 

The live load, in every case, requires a totally different treat- 



ment from that mentioned above. It is evident that the middle 
arch A 2 is supported by two elastic systems— AiPi on the left 
and A 3 P 2 on the right. The method is to construct the ellipse of 
elasticity for the arch Ai and for the pier Pi (Fig. 52)— that is to 
say, to construct the ellipse Oa (ellipse of elasticity of the arch with 
respect to its terminal section A - A) and the ellipse Op (ellipse 
of elasticity of the pier with respect to its terminal section A — A) 

and then to construct the ellipse of elasticity with respect to 
the same section A — A when this section is regarded as a sec- 
tion of the entire system AiPi. 

A horizontal displacement without rotation of section A — A, 
regarded as the terminal section of Pi, cannot happen but for 
the action of a horizontal force Fp passing through Op, and 
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if SGp is the elastic weight of the pier Pi, this displacement of 
A — A will be given by (see Art. 42) 

Fp • • p/ 

This same displacement of A — A, when A — A is regarded as a 
terminal section of Ai, is given by (see Fig. 52) 

Fa • • pj 

where 'ZGa is the elastic weight of the arch Ai. 



We have, therefore: 

Pp • 26 ^, • p./ = Fa • • pa^ 


or 

F '^Cr • n *- 

jjl __ Pp /-IN 

LT V/'' , « 2 

1 p Pa 

which gives the position of the horizontal passing through the 
center 0. In fact, if we regard A — A as a section of the elastic 
system AiPi, its horizontal displacement must be caused by a 
horizontal force Fa + Fp passing through 0. If we design a, t^ 



di and ^2 as the perpendicular distances from 0 to Fp and Fa 
respectively, then 

^Ga ' Pa^ 
or 

, __ di -t~ ^2 

1 . ( 2 ) 

^ ^ 2Gp- Pp2 

In exactly the same way, we obtain 

F'a 2(?p • ip'r)^ d\ 

F'p ~ XGa • {p'aV d', 

or 

,, d\ + d'2 

1 . ( 3 ) 

This expression gives the position of the vertical through 0. 

The point 0 being located, the elastic weight of the combined 
arch and pier must now be determined. Since 0 is the center of 
the ellipse, any rotation of section A — A (as belonging to AiPi) 
about 0 cannot be caused but by a couple. (A force of which 0 
is the antipole must lie at infinity — that is, will act along the 
antipolar of 0— which is the same thing as saying that the rota- 
tion is caused by that of a couple.) On the other hand, the same 
rotation of A — A, regarded as terminal section of Ai, is caused 
by a force Ra acting along the antipolar of 0 with respect to the 
ellipse Oa] also the same rotation of A ~ A, regarded as terminal 
of Pi, is caused by a force Rp acting along the antipolar of 0 with 
respect to the ellipse Op, Hence the forces Ra and Rp will con- 
stitute a couple, or Ra = Rp = R, The angle of rotation is given 
by the formula (Art. 39) 

k = M2G = RdXG 

and considering the section A — A as belonging first to Ai and 
then to Pi, we have 

k = Rrama = Rrp2Gp 
or 

'^Q. ^Gg Tp^Gp 

d d 

which determines the total elastic weight of arch and pier, 


( 4 ) 





lOx 


The horizontal displacement of A — -4 as belonging to AiPi is 
(Fa + F^)XG-p^ 

This displacement must be the same as that due to the force Fp, or 

2 = ■ PP^ 

F 

Substituting the value of ^ from Equation (1) 


2Gp • pp ^ 



p — 



or 

^2 

XGp -pj/ 



P — 


(5) 

Similarly 

(pr = 


(6) 


Equations (5) and (6) determine the lengths of the semi-minor and 
semi-major axes of the ellipse at 0. 

The ellipse of elasticity for the system A iPi (Fig. 51) is now fully 
determined. In a like manner the ellipse may be drawn for the 
system A1P1A2 by combining the ellipse for AiPi with the ellipse 
for A 2, and so on. The same operation can be carried out start- 
ing from the right abutment. 

Suppose the effect of loads on the arch A 2 is to be determined. 
The method of doing this is to find the ellipse of elasticity for the 
system AiPi and for the system A 3P2. (If the entire arch system 
is symmetrical about the center line between piers Pi and P2, 
there is a great deal of work saved.) The arch A 2 is then studied 
in the usual way, with the only variation that it is assumed that 
the arch is constituted by its elements plus two ideal elements, 
one on each side of the arch A 2 (Fig. 53), each having the ellipse 
of elasticity as above determined. These ellipses of the ideal 
elements are considered as any other of the ellipses of the arch 
elements. 

Having found by the above method the reactions Rl and due 
to the actions of the elastic systems A]Pi and P2A 3 respectively 
against the archA2; it becomes necessary to determine whiVh 



ponent of Rl belongs to the arch Ai and which belongs to the 
pier Pi. (In Fig. 51 consider Ri the component acting upon Ai, 
and P2 the component acting upon the pier.) This is most 
easily accomplished by means of the three ellipses Oa, Op, and 0, 
already found (Fig. 52 ). Consider the section A - A as a sec- 
tion of the system A iPi under the action of the force Rl- A rota- 
tion of this section will be performed about a certain point D 
(not shown), which is the antipole of Rl with respect to the 
ellipse 0 . The same rotation of A — A, if we regard A A as 
the terminal section of Pi, will be caused by a force P2 acting 

along the antipolar line of the same 
point D with respect to the ellipse 
Op. Similarly, if A — A is regarded 
as the terminal section of A 1, then 
the same rotation of this section 
will be caused by a force Pi acting 
along the antipolar of D with re- 
spect to Oa- With the usual con- 
and antipole, or, what is the same 
thing, for finding antipolar and pole, the lines of action of Ri and 
R2 can be located. Of course, as a check, the two components 
as found above must meet onP^. A similar method of finding 
components can be applied to the system P2A3 for finding the 
forces acting on P2 and A3. 

In the case of a bridge of two spans, each arch could be regarded 
as fixed at one end and supported at the other end by the clastic 
system, including arch and pier. The end arch of a three-span 
structure could be regarded in a similar manner except that the 
elastic system would consist of two arches and two piers. 

It can be readily appreciated that the analysis of a large series 
of arches in the manner above suggested would be exceedingly 
laborious on account of the large number of ellipses of elasticity 
which would need to be determined and the consequent resolving 
of reactions into components. The method may be greatly sim- 
plified by the fact that the effect of a load on any one span extends 
principally over the span itself and the two spans immediately 
adjacent. For example, if A 2 in Fig. 51 is assumed as an arch of a 
large series of arches, it is permissible for all practical purposes 
to consider the arches A 1 and A3 as fixed at Bi and B2 and to 
analyze arch A2 with its supports AiPi and A3P2 without regard 
to any of the remaining arches of the system. If the arches are 



struction for finding polar 



all equal, then the same calculations will serve for any three 
arches of the series. 


It is possible to take into account the stresses in an arch result- 
ing from the yielding of the soil beneath the piers due to an eccen- 
tricity of the resultant thrust on the base. Knowing E of the 
ground, which is the same thing as knowing the load necessary 
to have the soil yield 1 in., and neglecting the even or horizontal 
displacements of the soil, an ellipse of elasticity may be deter- 
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mined due to yielding. If we call I the moment of inertia of the 
supporting surface in contact with the footing of the pier, and Qp the 
amount of yielding found as above, then the expression 

will be the elastic weight to be applied at the center of gravity of 
that section. The ellipse of elasticity of this point (Fig. 54) 
will have only the horizontal axis, since the vertical one will be 
zero on account of the assumption that the horizontal displace- 
ments may be neglected. 


The method of analyzing a series of unsymmetrical arches with 
elastic piers is the same in principle as the method already ex- 
plained for symmetrical arches. A graphical construction is 
convenient, however, to find the lengths and directions of the prin- 
cipal axes of an ellipse when two pairs of conjugate axes are known. 



These principSil axes are required in order to use the construction 
of Fig. 38 to find antipoles from polars or antipolars from poles. 
A brief description of the method of combining ellipses for un- 
S5mimetrical arches will be given. 

Referring to Fig. 55, consider first the arch AB, and let us 
determine a force Fa which will cause the point A. to undergo a 
horizontal displacement, without rotation. The line of action of 
this force Fa will be along the conjugate diameter of the vertical 



Fig. 55. 

through the center of the ellipse Oa. The horizontal displace- 
ment is equal to 

Fa ■ 2Ga- r' • d' 

considering a the antipole of the horizontal through the point 
A. (See Art. 46.) The horizontal displacement of the point A 
due to force Fp is, as before, 

Fp • • pp^ 

Then Fp ■ S(?„ • pp^ = F. • 2(?„ ■ r' ■ d' 

Fa 2(?p • p/ 

Fp 2G„ -r'-d' 


or 



If Fa and Fp are prolonged until they intersect, then the resultant 
F of these two forces, the direction of which may be determined 
by means of the above equation, will cause A of the system BAP 
to move, without rotation, through the same horizontal distance 
as the force Fa acting on the system AB or the force Fp acting on 
the system AP. 

Considering the vertical displacement of A, we obtain a simi- 
lar equation to the above. The resultant F' of the forces F'a and 
F'p will cause point A of the system BAP to move through the 
same vertical displacement without rotation. 

The two forces F and will cause point A to be displaced along 
a line passing through the center of the ellipse of elasticity of the 
system. Consequently the center of the ellipse is at the inter- 



section of the forces. The elastic weight 2G of the system BAP 
may be found in the identical manner previously explained for 
the symmetrical arch and pier. 

The graphical construction of Fig. 55A^ serves to determine the 
principal axes of the ellipse 0. Considering ellipse 0, the line 
of action of the force F and a vertical (V) through 0 on the one 
hand, and the line of action of the force F' and a horizontal 
(H) through 0 on the other hand, constitute two pairs of conju- 
gate elements of the ellipse by means of which the principal axes 
may be determined. 

To find the major and minor axes, describe an arbitrary circle 

1 Taken from an articlci by Prof. 11. Lossier of the University of Taiusannc in the “Genie 
Civil,’’ volume of 1903. Translation by Mr. Samuel Moreell, Jr., Bridge Designing Engineer 
for City of Chicago. 


(with center C) passing through 0. This circle will intersect 
the straight lines F, V, F', and E in the points A, A', B, and B' 
respectively. The point of intersection if of the straight lines A ' 
and BB' will be the center of the figure AA'BB'. Connect points 
C and K and prolong to intersections M and N on the circumfer- 
ence of the circle. The two conjugate diameters OM and ON will 
be perpendicular and determine the direction of the principal 
axes of the ellipse. The length of the axes required may be found 
by drawing the tangent t to the ellipse 0, parallel to F. The point 
of contact T of t lies on the vertical 7 at a distance OT from 0 

equal to i = a/ ^ > where Ho is the horizontal projection of 

the force F which causes a horizontal displacement of the point 
0 equal to unity without rotation. Let Ti be the point of inter- 
section of the tangent t with the axis ON and let T'l be the pro- 
jection of T on this axis. Then the length of the semi-axis is 

OD = VcOT'OCOTi) 

that is, OD may be measured by the length ODi of the tangent 
passing through 0 to the circle described on TiT\ as a diameter. 
The length of the other principal axis may be found in a like 
manner. 

The statements made in the preceding chapter in regard to 
temperature and rib shortening in a series of arches with elastic 
piers should be noted. 



CHAPTER IX 


DETAILS OF ARCH BRIDGES 

49. Spandrel Details in Earth-filled Bridges. — As stated in 
Art. 3, the filling material in solid-spandrel bridges is held in place 
laterally by retaining walls which rest upon the arch ring. These 
retaining walls may be of either the gravity or the reinforced type, 
or they may consist of thin vertical slabs tied together by re- 
inforced-concrete cross walls as employed in the design of the 
arch bridge of Chapter IV. In the usual type of solid-spandrel 
construction the sidewalk rests upon the earth filling, which is 
the type shown in Fig. 56. Where the counterforted type of 
spandrel wall is employed, sidewalks are sometimes cantilevered 
beyond the faces of the arch ring, as illustrated in Figs. 57, 58, 



Fig. 56. — Leonard Street bridge over (Jrand River, Grand Rapids, Michigan. 


and 59. The faces of spandrel walls may be entirely plain (Fig. 
57), or panels of approximately a triangular shape may be foiiued 
either by indenting the portion above tlie arch ring or by nailing 
beveled strips to the form work with the result shown in Fig. GO. 
Brick and stone are used in some cases as a facing for arch rings 
and spandrel walls. 

Figs. 61A and GIB show a portion of a flat arch bridge desigruul 
for the city of Lima, Ohio. The spandrel walls are of tlu^ rein- 
forced cantilever type. Other examples of this form of spandrel 
wall and sidewalk construction may be found in (diapter XIII. 

A bridge with gravity spandrcd walls is shown in Fig. (>2. The 



brick facing for the arch ring and the cast concrete and brick 
belt courses should be noted. The spandrel walls rest partly 
on the brick facing and partly on the concrete portion of the arch, 



Courtesy of Mr. Darnel B, Luten, Consulting Engineer, Indianapolis. 

Fig. 57.— Bridge at La Junta, Colorado. 


the concrete portion by means of a projection 
which fits into a 6 in. by 12-in. groove in the arch. 

Jingineermg and Contracting, issue of Oct. 7, 1914, describes 
e character of the cast concrete and brick masonry as follows- 


“Tlie cast concrete blocks for the belt courses and copings are com- 
posed of 1 part cement and 3 parts crushed stone chips, the chips being of 




such sizes as to pass through a f-in. mesh screen. Waterproofing 
material is incorporated in the concrete of the cast stone. After being 


Courtesy of Mr. Daniel B. Luten, Consulting Engineer, Indianapolis. 

Fio. 58. — Washington Avenue bridge, Elyria, Ohio. 


Fig. 59.— Adams Street bridge, Troy, Ohio. 


ca.st from 40 to 60 days, all exposed surfaces of the stones were dressed 
with six-cut bush hammers. The cast concrete blocks are laid in 1.^ 





Courtesy of Mr. Daniel B. Luten, Consulting Engineer, Indianapolis. 

Fig. 60. — Georgetown "bridge over Wabash River, Georgetown, Indiana 
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Fig. 61 a. — D etails of Pine Street bridge, Lima, Ohio. 








Portland cement mortar, with joints of not more than i in. Before 
the mortar had set the joints were raked out for a depth of 3 in. and 
pointed with 1:1 Portland cement mortar. 

^'The bricks used for facing the arch rings and for the ornamental 
courses are up-and-down, hard-burned, dark, water-struck bricks. They 
are laid in 1:3 Portland cement mortar, except the outer 4-in. faces 
where “ Puzzolan” cement is used. One pail of lime putty was allowed 
to be added for each barrel of cement.'’ 

A counterforted type of spandrel wall is shown in Fig. 63. 
These walls are 12 in. thick and are reinforced on both faces with 
a double system of rods. The counterforts occur at about 9-ft. 




Pig. 62. — Details of Larz Anderson bridge over the Charles Iliver, Cam- 
bridge and Boston, Mass. 


intervals, and cantilever brackets are placed at these counterforts 
to support the sidewalks. The following description is taken 
from Engineering Record, issue of February 22, 1913. 

'‘The entire width of the arch ring between outside faces of spandrel 
walls is 35 ft., aiid the roadway above is 39 ft. wide, thus giving an 
overhang of 2 ft. on each side of the bridge between the curb lines. This 
2-ft. overhang constitutes the concrete gutter of the roadway and, as 
such, will be subject to heavy concentrated wheel loads coming upon the 
cantilever section. It was, therefore, built as a heavily-reinforced 
concrete beam. This beam is 2 ft. 9 in. wide, having a depth of 15 in. 


at the spandrol wall and 10 in. at the curb, and is reinforced with four- 
teen |-in. rods, with additional nunforccment at the brackets. 



Side rji.*V(:rfion Section A-A 

Fig. 03. — ( ■oiniicu-forlcd spniulrcl wall, highway bridge at Ansoixia, Conn. 
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Elevation 

,Fig. 04^1.— bllevaiion of w(^st. (^nd of Olcntangy River bridge on King 
Avenue, Columbus, Ohio. 

])ri(lge is (I(‘sigii{‘(I for trolley traflicj, and provision is made for 
the trolk^y poles by jiuehoring sections of lO-in. cast-iron waterpipe in the 














:Ki(i. ()1 (■,'.— ]>(!t;!uls of ()l((nt.auKy River bridge on King Avenue, 
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brackets of the piers and abutments. Drainage is provided by means 
of 6-in. cast-iron drains in the gutters over the piers.” 

Details of the arch bridge over the Olentangy River on King 
Avenue, Columbus, Ohio, is shown in Figs. 64A, 64R, and 64C. 
The type of spandrel walls without pilasters over piers should be 
noted. Since the space beneath each sidewalk is hollow, the 
inner wall was designed as a slab with the principal steel placed 
horizontally between cross walls. The longitudinal walls under 
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Section B-B 

Fig. ()().— DetdiilH of (^xpannioii joint in liigihway arch bridge over Chatta- 
hoochoo Jiivcr at Columbus, Georgia. 


the car traede wcu-c^ (‘in|)l()ye(l to prevent the usual settlement of 
the track wluui laid on a new fill. The ties were laid directly on 
top of theses walls and earth filling was dumped both sides of, 
and also Ix'twtHUi, tlui longitudinal walls. 

An eatth-filhnl arch faced entirely with stone is shown in Fig. 
65. The bonding irons should be noted. 

Drains shovdd Ix^ phuxul on each side of the roadway of a con- 
crete bridge a,t intervals of 30 to 40 ft. when the roadway is level 
and about every 100 ft. when on a grade. These drains should 
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have a diameter of not less than 3 in. The minimum area of a 
drain in square inches may be computed by the formu a 

_ A 
“ " 200 

where A = area of the surface drained in square feet. 
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i-iG. 70.-Bndge over Saskatchewan River at Saskatoon, Canada. 



Fig. 71. Wisconsin approach to high wagon bridge at Winona, Minn. 
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Fig. 73. — Highway bridge at Covingtorij Ohio. 


Fig. 74. — Third Street bridge, Dayton, Ohio. 
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Fig. 67 shows a full-barrelled arch reinforced with typical Melan 
trusses made up of 3 in. by 3 in. byyVin. angles and 2 \ in. by J-in. 
lattice bars. The floor system is carried on a series of transverse 
spandrel walls and the floor slab is provided with expansion joints 
as shown. The sidewalks leave an overhang of about 3 ft. and 
are supported on cantilever brackets. The cantilever section of 
the sidewalk is cast in units 5 ft. long and laid in place. Tile 
conduits are provided under each sidewalk for the necessary wires, 
and a 4-in. gas pipe and 12-in. water main are laid in specially- 
designed reinforced-concrete troughs beneath the roadway. 

Transverse spandrel walls with openings to save material are 
shown in Figs. 68A and 685. The method of carrying the side- 
walk should be noted. 



Fig. 77- — Abutment of causeway arch construction, Galveston, Texas. 


The details of the ribbed arches in Figs. 69, 70, 71, and 72 
should need no explanation. Fig. 73 shows a ribbed arch struc- 
ture in which the ribs extend up to the floor level throughout each 
entire span. 

The curtain walls between columns in Fig. 70 were considered 
simply as a bracing system. The columns were designed to carry 
all loads, but doubtless the curtain walls help to distribute the 
total loading. In taking the loading for the arch rings, it was 
assumed that the loading from columns was equally distributed 
over 12 ft. of arch ring instead of having two loads concentrated 
on an arch ring 16 ft. wide. 
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held down by a wire embedded in the cap during its construction. This 
wire was forced down into the soft concrete after the shell was filled. 

Separate members were cast near the slab plant used to construct 
the large units for the subways, as described in the Engineering Record 
of Aug. 30, 1913, page 288. A pug mill, steam house, and gantry crane 
comprised the equipment. The pug mill was used to obtain uniformity 
of mixture, as mortar in it could be observed and the foreman was relied 
upon to obtain the proper consistency. Wood forms were employed to 
prevent craze and sand marks. In cold weather the steam house facili- 
tated setting, while in summer 45 minutes in the steam retarded setting 
a sufficient amount to avoid crazing. The aggregate consisted of 1 part 
cement, 2| parts Kaw River sand, considered exceptionally good, and 1 
part of crusher-run soft native limestone passing a f-in. mesh. All 
measurements were made by hand in a 1-cu. ft. box. 

^^The rails were turned upon a sand cushion 24 hours after being 
poured. The posts were cast at three separate pourings so that shrink- 
age would not crack them at the points of top and bottom enlargement.'' 



CHAPTER X 

CONSTRUCTION OF ARCH BRIDGES 

No attempt will be made in this chapter to describe at lonf>;th 
the character of the materials required for concrete; the kind of 
lumber to use for forms; the types of forms for ordinary column, 
beam, and slab construction; the methods of bending and placing 
reinforcement; the proportioning, mixing, and placing of con- 
crete; the finishing of concrete surfaces; or the various methods of 



Courtesy of Mr. Daniel B. Luten, Consulting Enyineet, India7iapolis. 

Fig. 81.— Harford Avenue bridge over Hering Run, Baltimons Md. Sliowiiig 
method of construction of arch ring in longitudinal stMh.ion.s. 


waterproofing. These subjects are all treated in detail in Voluim^ 
11. Special consideration, however, must be given in this volume 
to the methods of arch construction; the centering for arclii's; 
and the forms for spandrel walls, piers, and abutments. 

63. Arch-ring Construction.— Arch rings with span kmgibs less 
than about 90 ft. are usually constructed in longitudinal ribs 3 or 
4 ft. wide (Figs. 81 and 82), or in fact of such width that one 
entire rib can be poured in approximately 1 day’s time. In 

1QO 
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narrow arches the entire arch ring is sometimes poured at one 
operation. This method of construction has been successfully 
used for much greater spans than 90 ft. but, unless special care 





Fig. 84. Fig. So. 


is taken to make the centering very stiff, the construction of any 
one rib may deform the arch center to such an extent as practi- 
cally to strike the center under the completed ribs. Of course, 



Courtesy of Mr. Daniel B. Luten, Consulting Engineer, Indianapolis. 


Fig. 86. -—Concreting longitudinal rings, 50-ft. span, Plymouth, Mass. 

the ribs should be poured continuously from each abutment to- 
ward the crown so as to obtain a symmetrical loading on the false- 
work and thus eliminate distortion of the centering as far as 
possible. 



Courtesy of Mr. Charles W. Cole, City Engineer, Mishawaka, Ind. 

Fig. 87.-— Construction view of North Michigan Street bridge, vSoutli Bend, 

Indiana. 



courtesy of Mr. Charles W. Cole, City Engineer, Mishawaka, Ind. 

.Fig. 88. Construction view of North Michigan Street l)ridg(‘ South Bend 

Indiana. 
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For spans of 90 ft. or over it is usually preferable to construct 
an arch rins or arch ril) by what is known as the alternate block 
or voiissoir method. The arch is constructed in transverse blocks 
(Fig. 83) of such size that each block can be completed at one 
pouring, or with about a day’s work. Obviously this method 
reduces shrinkage stresses in the arch ring to a minimum. 



(U)urtvHy of Mr. Charles W. Cole, City Engineer, Mishawaka, Ind. 

Fi(i. <S9. —CoiiHiruction view of North Michigan Street bridge, 

South Bend, Indiana. 

For tho l)est results the blocks should be poured in such order as 
to give a uniform settlement of the centering, and also prevent the 
crown of tlie arch from rising as the lower arch loads are placed. 
If blocks (dose to th(‘- crown section are not placed before the blocks 
at the hauncdi and springing sections, the centering will rise at the 
crown and the placing of the crown loads will be likely to cause 


cracks at the middle of the haunch. Even in the construction 
of an arch by the longitudinal rib method, a temporary loading 
of the crown is often necessary. 

The order followed in the construction of the Philadelphia and 
Eeading R. R. bridge across the Delaware River at Yardley, Pa.— 
an earth“filled bridge with clear span of 90 ft. O-in. is shown in 
Fig. 84, the sections being concreted in the alphabetical order 
shown. The section D is the keying section, and the section E 
a haunching section (quite unusual construction) which was added 
after the lower portion of the arch ring was completed. The part 
of the arch ring close to the springing lines was placed monolithic 



Courtesy of Mr. Charles W. Cole, City Engineer, Mishawaka, Ind. 

Fig. 90. — North Michigan Street bridge, South Bend, Indiana, lloinforce- 
ment supported in place. 


with the piers and abutments, making what is called an iinilirella 
form for the piers. In large arches this umbrella type of con- 
struction is frequently adopted. The pier forms in such cases 
are more expensive, but this increase in expense for the piers is 
usually more than offset by the saving in the falsework for the 
arch ring. 

Fig. 85 shows the method of constructing the Larimer Ave. 
bridge at Pittsburgh — a bridge of the open-spandrel type, with 
two ribs, having a clear span of approximately 300 ft. The 
blocks were placed in alphabetical order and later the keys be- 
tween them were concreted to make the closure. 
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In constructing an arch rib or arch ring by the alternate block 
method the individual sections or block spaces are closed off 
at the ends by timber bulkheads. On the steepest slopes of the 
lagging these bulkheads adjoining keying sections are held in 
place by temporary struts between voussoirs. A top form is 
usually needed for the block sections near the piers and abut- 
ments. This top form should be laid up as the concreting 
progresses. Fig. 86 shows a top form being used in the con- 
struction of an arch ring by the longitudinal rib method. 

If arch reinforcement for large arches is put in place in long 



Courtesy of Mr. Charles W. Cole^ City Engineer ^ Mishawaka^ Ind, 

Fig. 91, — North Michigan Street bridge, South Bend, Indiana. Reinforce- 
ment in place held by overhead timbers. 


lengths, the settlement and deformation of the centering during 
the pouring of the concrete will cause buckling of the steel which 
will prevent the reinforcement from lying in its theoretical posi- 
tion. For this reason steel lengths should not exceed about 30 ft. 
and the splicing should occur in the keyways. An effort should 
be made to stagger the splices of adjacent rods and to locate 
the splices where the tension in the steel is a minimum. 

Figs. 87 to 92 inclusive show the reinforcement in place in the 
North Michigan Street bridge at South Bend, Ind. The lower 
steel was wired together and blocked up as shown in Fig. 87; 
props were then erected for the upper steel (Figs. 88, 89, and 90) ; 
after which the diagonal rods i 



out these blocks and spacing boards as the concrete was brought 
up (a method sometimes followed), all the wood used in erection 



Courtesy of Mr. Charles W. Cole, City Engineer, MichawaJca, Ind, 

Fig. 92 . — North Michigan Street bridge, South Bend, Indiana. Concrete 
being put in place. 



_ j?iG. yo. Aren remi or cement held in place by being wired to tranHver.se 
timbers supported above the surface of the finished concrete. Bridge of 
Luten Design. 

was removed before concreting was started and the system of rods 
was held in place by being wired to transverse timbers supported 
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above the surface of the finished concrete (Fig. 91). By this 
method the likelihood of disturbing the steel during the pouring 



Courtesy of Mr. Daniel B. Luten^ Consulting Engineer, Indianapolis. 

Fig. 94. — Bridge over Saskatchewan River at Saskatoon, Canada. Placing 
reinforcement in arch ribs. 



Courtesy of Mr. Daniel H. Luten, Consulting Engineer, Indianapolis. 

Fig. 95. — Bridge over Saskatchewan River at Saskatoon, Canada. Rein- 
forcement in place on one of the arch ribs. 


of the concrete was reduced to a minimum and, of course, there 
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ribbed open-spandrel arch bridge at Saskatoon, Saskatchewan, 
Canada. Two tracks were used for distributing materials, one 


Courtesy of Mr. Daniel B. Luten, Consulting Engineer, Indianapolis. 

Fig. 98. — Bridge over Saskatchewan River at Saskatoon, Canada. Placing 
concrete by hoist and chutes. 


Courtesy of Mr. A. P. Linton, Asst. Chief Engineer, Board of Highway Commissioners, Sask. 
Fig. 99i4 .—Pneumatic mixing plant at bridge over Saskatchewan River^ 
Saskatoon, Canada. View showing hopper for measuring gravel; tank for 
measuring water; method used in handling cement; pneumatic mixing 
machine; and piiies leading to discharge box. 

just above the spring line shown in Fig. 94, and another on top of 




Courtesy of Mr. A. P. Linton, Ass’i, Chief Engineer, Board of II ig/uvag (Unnmi,^>ti(tn,cn^, ttiank. 


Fig. 995. — Pipe line from pneumatic mixer at l)ridge ov(‘r Saskat.ch(j\van 
River, Saskatoon, Canada, Notice discharge box. (Trouglis* are not 
shown in this view.) 
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bridge was placed by compressed air; the remainder by hoist and 
chutes (Fig. 98). In Fig. 99A is shown the pneumatic mixing 
plant used in the construction of this bridge with pipes leading to 
discharge box on the upper material track (Figs. 97 and 99^). 
Troughs leading from the discharge box to the work are shown 
in Fig. 97 but not in Fig. 995. In Fig. 99J. should be noted 
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the hopper for measuring gravel, tank for measuring water, and 
method of handling cement. A general view of the Saskatoon 
bridge during construction is shown in Fig. 100. 

The short radial rods in the arch ring, shown in Figs. 95, 96, 
and 101 were not looped around either upper or lower steel, 



Courtesy of Mr. Dutiicl B. Luten, ConHuUitig Engineer, Indianapolis. 

Fig. 102. — Tiinl)cr falsework and contcrinp; for arches. Bridge over 
Saska,t(;liewan lUver at Saskatoon, Canada. 


but simply wired thereto. They were intended simply for 
framing. 

When steel ril)S (('.ither rolled sections or built-up lattice girders) 
arc used as arch reinforcement, great care should be taken to fix 
the ril)s in the proper position, and in this position they should be 
braced until tlu^ concrete is placed. The use of such ribs is known 

Tv/r,a ..4 





64. Centering.— The bent type of timber falsework (Figs. 102, 
103, 104, and 105) is the type of centering generally employed in 


Courtesy oj Danid B. Luten, Consulting Engineer, Indianapilos. 

Fig. 103. — View of upper part of centering. Bridge over Saskatchewan 
River at Saskatoon, Canada. 

arch construction except where a deep gorge is to be spanned or 
where a large clearance under the arch is necessary while the 


Courtesy of Mr. N. S. Sprague, Superintendent, DepH. of Public Works, Pittsburgh. 

Fig. 104. Centering for Meadow Street bridge, Pittsburgh, Pa. 

bridge is under erection. Timber arches, Howe trusses, and bow- 
string trusses are sometimes employed when it is impossible to use 
the bent type of centering, but these forms are expensive to build. 
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deform badly under loading, and have Imt small salvage value 
(Fig. 106 shows a combination of the bent and Howe-truss types 
of centeiing.) Before using any of these types, consideration 
should be given to the use of steel centers (Pig. 107) ; or, in some 



Courtesy of MarquetU' Cement Mfy. Co. 

10r).~C()ut()riiiK f<)r (Jrand Avcnuo viiiduot, Milwaukee, Wis. 


cases, to the use ol suspeiKhul centering' 108, 109, and 

110), if the writei* may be peu-mitted to refei' in this manner to 
patented methods of areli constnietion. In some special cases 




to carry a suspeialcd arch forni f with lh«‘ di‘ad load of the 

wet concrete (Fif^. 111). 


Courtesy of Mr. -V. »S’. Sprnyut , Siijn rint* mlf nt, !)> y't. •♦/ 

Fig. 106. — Centering for AfIit‘Hon Avotna* bndii<* H\fr Piff doirgh .hmetion 
K. n., Pittshurgii. Vn. 


Courien]/ of Mr. N. S. Sprauw, Suiu rintrndi u{. fh p’t. .>f Puhlif Wnri:::, l*dl: Unwh. 

rig. 107.™-Steel centering for North Side Point l.ridgo, Pittsl.urgh, Pn. 

Timber Centers. A siinplt* and cortiinon form of tirnh(‘r c(‘nl(‘r- 
ing for arches of low rise is shown in h’ig. 1 12. d’hi' lagging hai 
not been placed at the time this phutoirraT>h \v?)c Ki-.!- 
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of the joists for supporting the lagging were already in place 
ihe joists, of course, extended from abutment to abutment and 
were supported by transverse bents of round timber resting on sills 
the full length o each bent. The falsework rested on the com 
Crete floor of a spillway channel so that mud sills, piles, or special- 
ly-constructed concrete footings were not necessary. Wedges 



were placed a(, (,lu> boltom of th(> jHists so that the center might ))e 
owe.re<l conveniently afler (he arch ring was completed and ready 
to b(!ar i(,s load. Idg. J 1 shows a similar tyia; of cmitnring pai’tly 
removed. I n (lie (U)ns(rmd ing of this bridge, howiwer, the wedges 
wu(, p a( ( d a(r (.lui toj) ol tlie jiosts, as can be niainlv .seen in ttie 
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Timber centering varies so greatly in design to meet different 
conditions, that plans and photographs of a number of centers 
which have actually been built, with a few statements (quoted or 
otherwise) concerning each, will do more to give the reader a 
clear idea of this type of construction than any general descrip- 
tions which might be given. 

The centering used in the Third Avenue bridge at Cedar 
Rapids, Iowa is shown in Fig. 114. In a paper presented before 
the Western Society of Engineers, April 13, 1914, Mr. Barton J. 
Sweatt described the construction of this centering as follows: 


“The falsework for supporting the arches consisted of pile bents, the 
first bent being 6 ft. 6 in. from the face of piers and abutments, the 



Courtesy of Mr. Philip Aylett, Civil Engineer, St. Louis. 


Fig. 109.— Pre-casted voussoir method of arch construclion. 

second bent 12 ft. G in. from the first, and the intermediate benl.s vvaa-c 
14 ft. 6 in. centers. Oak piles were used and as a rule wesre; drivcm to bed 
rock, the spacing was 6 ft. 0 in. for the three outsider pih's and iS ft. 0 in. 
for the intermediate. The caps used wore 12 in. by 12-in. ydlow pine, 
false caps 6 in. by 10 in., joints 4 in. by 14 in., .spaced 24 iii. on (-(mterii 
and the lagging was 2 in. by 8 in. The proper curve for the intrados was 
obtained by the use of 2-in. strips cut to tlio proper curve and tacked to 
the regular joists. Oak wedges wore used between tlie main and false 
caps. These wedges were placed in pains and space<l about 4 ft. .apart. 
Small wedges were used under the cuds of the joists to In-ing them to the 
proper height. 


+1 
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Courtesy of the Strauss Bascule Bridge Co., Chicago. 
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camber and K in. for settlement after the centering was removed. The 
actual settlement of the crown after removing the centering was % in.” 

An article in Cement Age, March, 1912, describes the construc- 
tion of the centering shown in Pig. 115 in the following manner: 



Fig. 111.— Bridge at Central Avenue, Rochester, N. Y. .Structural rein- 
foreement and arch-rib forms in place. 


“The centering for the arch consisted of four pile bents of four piles 
each, and two center pile bents of five piles each. These bents were 
capped, top of caps being elevation of spring line of arch, and four lines 
of 6 in. by 8-in. stringers were placed continuous from abutment to abut- 
ment, the ends, at elevation of the spring line bearing 4 in. on tlie concrete 
abut TYi fin A+. 1 1 1 j 1 _ 
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holes in the abutments filled with concrete. On these four lines of 
stringers were placed a set of pine wedges over each pile, there being 
four and five sets of wedges to each bent; 3 in. by 12-in. timber was laid 
on the wedges over each bent through the width of the arch. On these 
3 in. by 12-in. timbers, the arch bents were erected, each having four and 
five 6 in. by 8-in. vertical posts V-braced, with 6 in. by 8-in. caps set edge- 
ways, top of caps 12 in. below intrados of arch. ■ On these caps were placed 
2 in. by 12-in. ribs, dapped to take square bearing on caps. These ribs 
were placed 18 in. centers across the arch and were cut from timber of 



Fig. 112.- — Common form of timber centering for arches of low rise. 


sufficient dimensions to make them lap over alternate caps. The ribs 
were covered with 2-in. planking to form the intrados of the arch. 

“A very simple and accurate method of laying out the ribs was used 
which consisted of laying out the full-size arch intrados radii on a level 
place near the bridge site. The timber for the ribs was, therefore, 
marked by a full-size drawing. Probably the most interesting feature 
of this arch centering was the simple straight work giving maximum 
strength and maximum safety in every respect at the lowest cost. The 
five steel floor beams of the old bridge were utilized to make an 18-ft. 
cleat opening of maximum height in the centering. This was econom- 



204 REINFORCmU nj j 


purpose was to allow drift to pass through in case of high water during 
construction.” 

Figs. 116, 117, 118, and 119 show timber centers similar to the 
one just described. 

A patented type of centering is shown in Figs. 120A, 1205, 120C, 
and 120Z), known as the Luten arch centering (see Chapter XII). 
The idea in this center is to dispense with the usual wedges em- 
ployed in lowering the falsework. The top part of the uprights 
consist of two thin members with major dimensions transverse 



Courtesy of Marquette Cement Mfg, Co. 

Fig. 113. — Centering for arches of low rise, Grand Avenue viaduct, 
Milwaukee, Wis. 

to each other. These are arranged in the form of a T-colmnn, 
and wired together at frequent intervals. Each member sepa- 
rately is made too light to carry its loading so that clipping the 
wires permits each member to buckle, which lowers the center. 
Fig. 1205 shows the first stage in construction. The joists arc 
nailed to the uprights which consist originally of only one 
member each. The transverse members of the uprights are then 
added to form the T-columns. The V-bracing is put in posi- 
tion after all the joists and uprights are in nln.cp 
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Washburn in an article in CJoncrritc-cHuncnt A^o 
August, 1914, writes as follows in regard to the centering showil 
in Fig. 121: 
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during construe*! inn. I1ii- *»|M*ning 'J 1 ft. \(‘rlirally ahovr aveu’agu 

water levc‘1 and lis ft. \vid*‘. PrntprtiMii piit*- an e*arh >idr «*f tin* passage*- 
way were n(‘(‘essary, c*nn>eapn*fitly the* tnial span nf tin* npeaiing irj the* 
arch centering was VJ ft. 'Fh aarry tin* load ♦•V(*r tld- (»p(‘ning nine 
30-in., 200-110 l-lH*aiu> w«*n* u-t*d. 'riu'H* I-hnams will !><* used in the* 
construction ot edher hridge-. 

^Longitudinal l»raeing ua- arrangfd a^ to e«unil«*r, as niueh as 
possible, the* ‘lnn*king up' lendeia*y cef the centering at tin* crown as the* 
arch was e()ncn‘ted. On account of the arch being sk(*\v(*ih sp(*cial 
study was give*!! during tin* placing of bract“^, <*tc., sii as to tak(*can‘ol all 
side thrusts. Strtds were placed diagonally botwc'cn bents at right 



angles. Spacing of centering pih*- wa.*- .'an’li that no pih* r(*c<*iv(‘d a, load 
of over 12 tons.” 

Tiiul)(‘.r e(*nt(*ring for a bri«lg(* ove*!* railroad 1 raedvs a t k'nll li iv(‘r, 
Mass., is shown in h'ig. 122 and d(‘scril)(‘d in Mngin(‘(*i‘ing K<*eord, 
issue of April 2(>, lUld, as follows: 

'dn building tin* arch ('entering it was n(‘c(‘ssary to j)rovid(‘ foi* 
certain r(‘(iuir(‘nH*nts that necessitated a design similar to (Ik* one shown 
in the a^e-eornpanying drawing. 

‘‘These r(‘([uin‘ni(*nt s eall(‘d for an overhead el(‘arane(‘ ol hS It. at a. 
point .11 ft. 3 in. from the property line, a. eh'ar s[)a.n ol 10 11'. l>(‘tw(*(‘n 
inside vertical posts, and a minimum clearane(‘ of 15 It. Irom IIk* topot 
rail to the und(‘r sid(‘ of (Ik* Irnss. O’Ik* work had to Ik* eon(lu(d.(‘d with- 
out interruption of train service*. Tin* uprights support ing t.ln* e(mt'{‘ring 







was used over the entire arch riiin. ci-iilcriiiK was di-sinned for a 

deflection equal to one eight-liundredlli of (he span.” 

In the construction of the Haights Hun bridge* shown in Fig. 
83 the two arch ribs were constructed in sections and each section 
cast at one operation. The false work consist(‘( 1 of 1 irac(‘d timber 
posts supporting I-beams which carric'd the lagging for the arch 
ribs. All adjustments for the arch rib weia* madc^ by wcidges 
immediately under the I-beams. Two l)ents of jtosts of the false 



Fig. 120D. — ^Tjuten arch contorhip;. 


work were located under each section of the arch rib, and located 
so that the center of gravity of the section fell between the posts 
which were braced together like a single tower; thus each section 
of the rib was independently supported and adjusted. In de- 
signing the falsework no soft lumber was subjected to cross-grain 
compression, hard wood being used for sills and caps. Posts and 
bracing were of yellow pine. 

Figs. 123 A and 123.B show the type of arch centorinfr 


Arch Pin 
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constructing a three-ribbed arch on the ^Mississippi itiver Boule- 
vard, St. Paul, Minn. Boxing for the ril>s is also shown. 

In Figs. V2AA and 124Ba bent type of eent('ritig is shown, but it 
should be noted that the portion of the centcu- above the post 
caps (which were placed at about the lev(*l of the springing line) 
was framed and erected in a similar manner to a trussed center. 
The additional carpenter work required on this type of centering 
over the ordinary bent type is likely to make this form uneconom- 
ical, except perhaps in special cases. 

Posts in timber centering have sometimes been plac;ed approxi- 
mately normal to the arch soffit, but such instance's are quite 
rare. Since specially-constructed footings are necessary for 
inclined members, this form of center may l)e used economically 


Z^Sheathlnj 



only when rock or other suitable foundation lies near the ground 
surface. 

Sand boxes have been used to a very limited extent in this 
country in place of wedges for the striking or lowering of arch 
centers. These boxes have given satisfaction in most instances, 
but great care must be taken to keep the sand dry while thc! arch 
ring is being constructed. This type of lowering devicic is ex- 
pensive, but the extra first cost may be offset in large arches l)y 
the high cost of striking wooden wedges. 

The chief disadvantage of using sand boxes lies in thc fact that 
the sand will compress as the weight on the centering inci'eascs. 
The amount of this compressibility is considerable, greatly in- 
creasing deflection unless the sand is put under an initial com- 
pression, which is seldom feasible. 



^mensions are frvm ffoadway io Infrados of Arch 
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Elevation o 

Section on Center Line 

123A.— Centering for bridge over ravine on Mississippi River Boulevard, St. Paul, Minn. 



ui/iV J!, ViM\ jS^rU [jiJJ^XOI^ 


A sand box used in the main arch of the Edmondson Avcn..^ 
bridge, Baltinaore, is shown in Pig. 125. Tlie center was lowered 
by aUowmg the sand to run out through a 1-in. circular hole in 
the oak bottom of the steel-plate cylinder. This hole was closed 
by a wooden plug while the centering supported it.s load. A dis 
advantage in the use of sand boxes lies in the fact that the cen' 
tenng cannot be raised before the arch ring is poured in order to 
adjust the top members to the curve of the arch intrados. 

_ In the design of large arch centers an uncertainty exists reeard 
ij the pressures from voussoirs placed on the steepest portions 
of the lagging Either of two assumptions are usually made as to 
the forces aefog on the centering dec to the tvoight of e..ch 
BOTS. In the ooranon method of deeign. the neeu, option i„ ™ I 



OrZ^x/0*^' 


tf^^ny Planks 
Section K-k 





temporary struts between '^“^^ponents being resisted by 

tangential pressures (in addifin'^^^ e method is to assume that 
the centering which from anv ^ radial pressures) aett on 

product of the radial comnn^ voussoir, may be as great as the 

between the voussoirs and lagging ^\’he^o^ 

Ponent is then reduced by thiLmouJt ^'^n^ential com- 

bigh salvagrvalul,^ great awm^ structure and has a 

-Oh that the Site each memhe “tCSfe “1“ 



CONSTRUCTION OF ARCH BRIDGES 


217 




too, rigidity is quite as important as strength, so that all things 
considered, close figuring is out of the question. Obviously the 
weight of centering may be omitted except for high arches. For 


Fig. 124A. — Centering for High Street bridge, Hamilton, Ohio. 

the method of designing lagging, joists, and posts see Art. 88, 
Volume II. ^ 

As a rule, only hard wood should be used for caps and sills. 


Fid. 124B, — Centering for High Street bridge, Hamilton, Ohio. 

although long-leaf pine may be sufficiently hard in many cases. 
Wedges, however, should be made of hard wood without exception. 

Tj. 1 • 1 1 i .1 j i ^ T. . „ - 
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units as part of a regular contractor's equipment, the steel center 
niay be used with economy even in ordinary construction. 

It is generally recognized that there are some well-defined ad- 
vantages in using three-hinged arch centers. In the first place, 
the crown deflection using steel centers is usually much less than 
that obtained by employing timber falsework. Furthermore, 
it is possible to compute the deflection of each point of a steel 
center with some degree of accuracy while, in the case of a wooden 
center, the pro!)abl(i settlement at each bent is pretty much a 
matter of guesswork. Stend centers also have the additional ad- 



OouTteay of Mr. N. S. Spraf/ur, SupiritUrndnU, Dep'L of Public Works, PUtshuruh. 

I^ic. 12(). (H‘,nt(‘r.s for ISforUi Hide Point/ bridge, Pittsburgh, Pa, 


vantages of allowing an obstructed opening for railroad or other 
ti‘affic and of eliminating danger from flood and ice in the con- 
struction of arches oven- streams. The advantage of allowing the 
deflection to 1)e quitch aeanirately computed makes it possible 
to give the cemters a preliminary camber so that when the con- 
^^^te is in place and tlu^ centering withdrawn, the arch ring will 
assume its true position. 

One disadvantage'. e)f using ste^el in arch centering lies in the fact 
it is materially affected l^y temperature changes. For this 
1‘cason, in constructing large arches, only the alternate block 


The steel centering used in constructint-- Hia fi-. 
fiUed arch structure which carries Athcrtor, AToMoT'i'r” 
Prttehurgh across the four tracks of thflwX, "a R 1 

IS shown in Fig. 127. This confpn’no- f i • f , Railroad 
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Symmetrica/ about Cen/er Line--. 



Supporting Beni- for Steel -Truss Cen+eri 
Fig. 127. — Steel centering for Atherton Avenue bridge, Pittsburgh, Pa. 
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and cut off after the centers were struck. The base plates of the 
columns rest on cast-iron wedges which in turn rest on I-beam grillages, 
footing on the afore-mentioned concrete projection. Between the 
column base and the projection, 10-ton screw jacks are interposed to 
aid in the alignment and leveling of the centers; they are allowed to 
remain in place, though the load passes directly to the wedges which 
are used for striking centers. A U-shaped clamp, made of a 1-in. bolt 
(not shown in the drawing), is passed around each pair of wedges to 
prevent any possible lateral motion. A similar bolt is used for the 
same purpose higher up on the main column.^ ^ 



Courtesy of Mr. Philip Aylett, Civil Engineer, St. Louis. 

F£G. 130. — View of Chickahominy River bridge during construction. 
Key spaces have just been filled with concrete. Forms are being taken off 
rib in order to hasten setting of concrete. 

The unique feature in the steel centering used in constructing 
the Tunkhannock Creek viaduct on the relocation of the Dela- 
ware, Lackawanna, and Western Railroad was an adjustable 
panel at the crown of the steel arch trusses. A detailed descrip- 
tion of these trusses and their erection may be found in Chapter 
XXXII. 

The Cummings-Watson system of steel arch centering is shown 
in Fig. 129. The centering consists of triangular units, pin- 
connected at their apices, and with extra adjustable members 
which serve to connect the units and at the same time serve to 
form the lower chords of the arch trusses. 



Suspended Sijstems. — Suspoiuk'd systems of ai-ch construction 
refer only to arches of tli(> ril)l)e<l type. 

The Aylett System (patented)' of suspendml centering, pre- 



vwuslydlustrate.lm I'.g. los, is slmwn in d.-tail in Figs. 130 and 
31 winch are const ruci ion views of ()„. ( 'hiek:, hominy River 
bridge, llichmond, \a. ,;yj 


^See EnKinccrinK ;m<l (’onlraetinr. Jutjr I'l I'd > , < r. „ . , » \ f t i i j c 

ten,ber. lOU, t,.- dceulcC (i.l 
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arch structure.) Another Aylett method of arch construction is 
shown in Fig. 133, known as tlic prc-castcd voussoir method. 

A patented system of arch erection without falsework, origi- 
nated by Mr. J. B. Strauss and tried out in the construction of a 
bridge over the Kiswaukee River near Belvidere, 111., in 1906, is 
illustrated in Fig. 110. Voussoir forms are made of reinforced 
concrete in sheet-metal molds (Fig. 134). After these forms are 
raised to position they are held in place by suspension rods which 
pass over A-frames supported on top of the piers and anchored by 
means of steel rods. The concrete forms when self-supporting 
form an arch trough in which the reinforcing steel and concrete 


(^oiirtcs'/ of Mr. Philip Ayletl, Civil Engineer, St. Louia. 

1^'h}. 132. — View of completed Cliick<ahominy River bridge near 
Richmond, Va. 

are placed. The concrete forms are designed to safely carry 
their own weight and the weight of the concrete deposited therein. 
(Fig. 135 shows the completed Belvidere bridge.) Fig. 110, pre- 
viously referred to, shows a traveller on falsework used in con- 
nection with the construction of the Belvidere bridge. This is not 
the way, however, that the Strauss System is intended to be used, 
since the particular object of the .construction is to avoid any 
falsework whatever in the stream. In the erection of the Belvi- 
dere structure it was impossible to procure a cableway in time to 
start the work, and the traveller method was used on that 
account. 


arch rib forms are shown in Fis«- 1 1 1 'Tlu'st! trusses 

were designed to carry the weight of tlie arch foians together 
with the dead load of the wet concre<t>, Ixrtli as to tension and 
compression, the result being that the steel reinforcement of the 
arches was stressed by the weight of th(> forms and w(‘t concrete 


t/ofe> /oussoirs are susperided and coupled at f/oor fevcl on both 

abutments, L and ff, simu/tancously. /ts the rt'ou/tJn^ yousffo/r- chairs ^row 
In length, link by fink, they descend to junction at crokvn of arch 
Final adjustment and keying of entire arch ^ rib then proceeds 




Joint at A Section B-B 

Fid. Fiii. — Pn!-i-a.st,(^<l voussoir niflluxi nf ion. 

before the concretcM)l)l,ain(‘(I itss(‘t. In lh<‘ {inishtti st rucl ur{‘ the 
reinforcement was also (!onsi(l(‘n*(i to do its share in cniTyin^ the 
live load. 

In Fig. Ilia wire niosli is shown on t li<‘ out sid<‘ of t h(‘ out (‘r line 
of arch ribs. This was stiOViuMl })\' nneins of small vcadical rods 






and supported from the steel arch trusses at a distance of 2 
in. from the face form. The white Portland cement and 
crushed granite aggregate were carried up next the form and' 



Courtesy of the ^Strauss Bascule Bridoe Co., Chicago. 

Fig. 134. — Voussoir forms used in the Strauss system of bridge construction. 


outside of this mesh, a little ahead of the gray Portland cement 
concrete in the body of the arch. The mesh of the wire screen 
was large enough to admit stones from the granite aggregate 
passing through, but too small to allow the gray limestone of 



the main aggregate from passing outward toward the face. 
The advantage of this construction was, of course, the carrying 
■ up of the two masses simultaneously, and did not require the 
pulling of an intermediate form with the consequent dislodg- 
ment of material and breaking of the bond between them. 

Figs. 136 and 137 show that the upper chords at the ends of 
the arches were each connected by two tension rods'. Boxes 
of clay were arranged back of the nuts of these rods, so that in 
case of any lengthening of the arches the rods would slide through 
their bearings, but would come into action in tension under 
heavy loads. 

Figs. Ill and 136 show also working platforms suspended from 



Courtesy of the Strauss Bascule Bridge Co,, Chicago. 


Fig. 135.— Bridge over the Kiswaukc3e U.iv(‘r lu^ur Belvidtirtj, HI. Built by 
the Stnuiss sysban. 


the steel arch ribs. The reason for susp(‘ tiding*; th(\s(‘ j)la(, forms 
rather than building up falsework may Ix^ sixm in Fig. Ill, where 
high water is passing under the bridg(‘ a.nd a low powia* dam 
crosses the river 10 ft. upstream. A . fall aJso occurs a 
few hundred feet downstream. Fig. 1B8 is a vi(‘w of the com- 
pleted structure. Incidentally it might 1 x 3 st,at,ed that the 
floor has a 2-ft. camlier in its (mtirc^ lengtli, the ends of the 
structure being at the same (‘k^vation. 

66. Forms.— Forms for picx-s and walls are usually con- 
structed of either 1-in. or 2-in. plank naikxl to studs and held 
by horizontal waling pieces, with ti(3 bolts (‘xl.imding across the 
pier or wall between opposit(‘ wak^s. T\w wak*s, which consist 
generally of two planks fastened togiither but sejiarated by 
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Courtesy of Mr^ John P. Skinner, Prin. Ass’t. Engineer, DepH. of Engineering, City of Rochester. 

Fig. 136. — Bridge at Central Avenue, Rochester, N. Y. under construction. 




spacing blocks, are set edgewise against the form studs and the 
tie bolts are carried through the openings which occur, in the 
waling pieces. Wire is sometimes used for bracing and is 
tightened either by wedges or by twisting. The wire pulls 
against spreaders which are inserted between forms and which 
are removed as the concrete level rises. As in most form work, 
bridge forms are either erected in sections of a size for easy 



Courtesy of Mr. John F. Skinner, Prin. AssH. Enoincer, Dcp'l. of Enuinccrinu, City of 
Rochester. 

Fig. 137. — Bridge at Central Avenue, llocliester, N. Y. uiuUir c.onstiTic.tion. 


handling or built in place (Fig. 139). Forms of small height 
may be braced by only battered posts outsider 

Where bolts are employed in pier and wall construction, a 
number of different methods arc used for wit hdraAving the bolts. 
One method is to cover each bolt with old j)i})(^ (^ut somewhat 
shorter than the inside dimensions of tlie forms, and to place a 
wood washer at each end of the pipe. Wlum ihc, forms are 
taken down, the bolts are easily drawn out of the pipes, the 
wood washers are then cut out of the face of tln^ (concrete, and 
the holes pointed up. Another method is to make the bolts 
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Courtesy of Mr . J ohn F . Skinner, Prin. AssH. Engineer, Dep't. of Engiw’ering, City of Rochester, 

Fig. 138. — View of completed bridge at Central Avenue, Rochester, N. Y, 


in thre6 piGC6Sj with the micldlG piece occupying the same posi- 
tion between the forms as the pipe above clesci ibed. This middle 
section is connected with the end pieces by means of ordinary 
unions. When the concrete has set sufficiently, one turn re- 
leases the end sections and the holes left in the work are plugged 
with mortar. 

The following specification for the construction of forms is 



Fig. 139. — Constructing pier of Main aiul High fcjtreot bridge, 
Hamilton, Ohio. 

taken from the '^SpecificMtions of th(‘ ihiu^y ( handc eoricrete 
bridge, Washington, D. (h” 

“All forms for all classes of (*oii(*ret.(‘ shall h(‘ (•los(‘Iy laid and strongly 
braced. The contractor shall, before procfnaiing with tlK‘ work, submit 
drawings of the forms to the engineer for his approval. All lagging shall 
be tongue-and-grooved, and the stutldiug for all tlui work shall be 
dressed or sawed to an even thickness. All forms, (‘.\(*(*pt by th(‘ consent 
of the engineer, shall be held in place by nu'ans of liolts, so made that 
the outer 3 in. of the bolts can be nanovcHl aft (a* tin* forms ar(‘ takfui down 
and the remaining holes shall be filhal with mortar. If J-in. lagging is 
used, the studs shall not exceed IS in. on c(mi(‘rs; and, if 2 in. by 8-in. 
studs are used, the wales shall not be l(‘ss than S in. by S in. These 
wales on a basis of 2 in. by 8-in. studs shall not be ftirtlier apart than 
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8 ft., nor shall the bolts which hold them and which have diameters of 
J in. be farther apart than 8 ft. 

“If lagging, studs, wales, or bolts are proposed by the contractor other 
than those described herein before, they shall be such as to make a form 
of equal strength and stiffness to that described. 


Courtesy of Lehigh Portland Cement Co. 

Fig. 140. — Construction view of Eighth Street viaduct, Allentown, Pa. 

Washers shall be used under all bolt heads and nuts, and, before 
proceeding with the concrete work, forms shall be brought true to line 
and grade, and all bolts shall be taut.^' 

Where especially good work is desired, forms are lined with 
galvanized iron. For high piers or walls, the forms are con- 
structed in large panels. After the concrete has been con- 
structed to a proper height and the last course has set several 
days, the panels are disconnected and hoisted to a higher posi- 
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Fig. 142. Centering and curved pier forms used in bridge.s of Luteii Desig; 


the Pennsylvania 11. 11. tracks in Pitts])urgli, tlui forms for the 
curved ends of the piers were built of 1 in. by 2-in. strips nailed to 
horizontal segmental wales. These wales were nailed to the 
wales of the side forms. The rounding forms were kept in place 
by wiring to dowels set in the foundation concrete. Before 
starting the erection of the form work, a flexible panel was made 
by nailing galvanized-iron sheets to the 1 in. by 2-in. strips. 
This panel was bent against the wales, which acted like hoops. 



Fig. 143. — Detail view of curved pier forms. 


Curved pier forms used in bridges of Luten Design are shown 
in Figs. 141, 142, and 143. Fig. 144 shows the wiring of the 
forms to prevent spreading. Fig. 145 shows the pier form re- 
moved, and Fig. 146 shows it set in place for use in construct- 
ing another pier end. 

In the bridge shown in Pig. 147 the pier starlings were con- 
structed of granite from an old bridge. Pilaster forms are seen 
resting on the upper course of stone. 

The common form of longitudinal bulkhead used in arch ring 




Fig. 145. — Curved pier form removed. 
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Courtesy of Mr. W. C. Giffels. 

Fig. 144. — Wiring of curved pier forms to foundation concrete. 




for„.s. Bridge at Central 7""' " 
include a portion nf .u Rochester, 


cozistruction is shown in Pio* 14R i i ,, 

arches are either built on top ;, thrard 


C ourtesy of Mr . ^ v ... 

Fig 14fi r, ' ' "““r"""™ Cons. Cp. 
146.-Curved pier form re-erectec 
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pleted arch ring (Fig. 150), Forms for si3andrel walls of the 
latl'er class are shown in Figs. 151 and 152. 

Prepared sheet metal forms are often employed for special 



Fig. - 148, — ^Longitudinal bulkhead used in arch-ring construction. 

work such as cantilever beams, capitals on spandrel columns, and 
other small projections. These sheet metal forms are fastened 
to the wood forms at successive positions. 



Fig. 149. — Spandrel wall forms used in constructing the Yardley ])ridge, 
Philadelphia & Reading Ry. Co. 

The railing or balustrade of Greek cross panels shown in 
Fig. 153 was cast in units on a horizontal plane. Cement Age, 
issue of March, 1912 describes the construction of the panels of 
this balustrade as follows: 
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Courtesy of Mr. W. C. Giffels. 

Fig. 152. — Spandrel-wall forms. 



Courtesy of Waddell & Harrington, Consulting Engineers, Kansas City. 

Fig. 153. — Cleveland Avenue bridge, Kansas City, Mo. 



Fig. 154. 







Fig. 155. 


Fig. 156. 


The forms consisted of a wooden base 6 in. wider and Innr. 
the concrete panel. A wooden rail the thickness of the n<, 

™und the enter edges «f tlu® base, the meeeuromeiits bitwecifl 

bemg the s„ the panel. On dne base ™e aho tetd 


haih^E “lots t“o£ t’ShV“®''5 ‘’r*' " *» “'*■ 

;‘,f’''”“‘betriang„l„npn,^4^„®““;*»‘>. “rf to the base in 
After the forms were bolted together the bJ,!. the panel. 

getoer the base was laid level horizontaUy 
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on two horses or bents, about 3 ft. above the work floor level. The form 
was then filled with water and allowed to soak over 1 night. The 
following morning the water was let out; the form cleaned and re- 
levelled; I in. of concrete was put in bottom and well tamped with small 
hand tampers; one set of reinforcing wires were placed; 3 in. more 
concrete was put in, well tamped; a second set of reinforcing wires was 
then placed; concrete finally finished to the top and struck off with a 


Fig. 157. 

straight edge run over top of outer railing and triangular blocks, all of 
which were made the exact thickness of the panel. After the concrete 
was sufficiently set the top was finished with smoothing trowel. Con- 
crete in the panel was allowed to stay in the form undisturbed 3 
days; the outer railing of the form was then removed and the base to 
which the triangular blocks were bolted and on which the concrete was 
resting, was set up on edge, the panel resting on a piece of timber on the 
ground. The blocks were then unbolted from the base and the base 




removed. Forty-eight hours from the time the base was removed tT, 
triangdar blocks were withdrawn from the concrete panel bv 
one-half of the block out from one side and the other half fm 
oppodt. side the dight bevel „d dtriokage of the blocks illo.edftm 
to be removed without injury to the edges of the concrete.” 



entirely fn separate uSteTnd StTOHrecteTt-^Te^^^^^^^ 

Figs. 155 to 158 inchsive showX ® cast in place, 

balustrade type. ^ construction of a railing of this 
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THREE-HINGED ARCHES 

66. General Discussion. — An arch with three hinges is static- 
ally determinate and consequently can be analyzed much more 
readily for a given loading than is possible in the case of a fixed- 
ended or solid arch. Furthermore, three-hinged arches do not 
need to be analyzed for temperature changes, the hinges allowing 
contraction and expansion of the ribs without causing any stress 
throughout the arch. Obviously this statement does not take 
into account the effect which results from friction on the hinges, 
but such effect is usually considered to be negligible. Whether 
or not hinge friction is likely to cause appreciable error in the 
analysis of three-hinged arches is still a matter, however, in 
regard to which there seems to be a decided difference of opinion. 

Three-hinged arches are especially adapted to sites where 
abutments and piers must be founded on compressible soil or on 
piles. The hinges permit of considerable settlement without 
failure of the arch or without causing the huge cracks which are 
sure to develop in a fixed-ended structure under like conditions. 
Of course, a solid arch may be designed on the assumption that 
the abutments are yielding, but this is rarely done and such 
computations in any event could not take into account such 
settlement as might come from an unexpected source. 

Hinges in arch-bridge construction are likely to be an expensive 
detail, especially in short-span structures. The claim is made, 
however, that in arches of large span, the saving in concrete as 
compared with the fixed-ended type much more than pays for 
the hinges. 

It is generally admitted that the three-hinged arch is usually 
awkward in appearance and has not the graceful form that is 
characteristic of the majority of the solid arch structures. This 
lack of artistic proportions is caused by the increased thickness 
at the haunches, and cannot be avoided in economical design. 

57. Methods of Analysis. — Three-hinged arches should bo 
analyzed for at least the same conditions of loading that are 


ines for the exact maximum loadiiiL^s ^ influence 

the common method referred to i,uho 7 to 


■ij^nntal and verti- 



.159. 

2 - “££ ™ »; vertic comp„„,* . , 

- S'-i-UP. Of - 0. 


We have the 


bMdiog mZl?”““o ”uh^ f'™ ‘to foot tint tl 
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Since the moment at the crown hinge is zero 

VaIi - HaS - So' Pih - a) = 0 

These four equations may be solved simultaneously to obtain the 
horizontal and vertical components of the two reactions. 

The calculations may be simplified by resolving each reaction 
into a vertical force and a force in the direction of the closing 
chord (Fig. 160). The four equations in this case are as follows 
(since = Hb from Fig. 159): 

TT + V 2 - 2P = 0 

Hi - = 0 

-V 2 I+ ^Pa = 0 

FiZi - - a) - Hir = 0 

or V^h - SqI P{h - a) - HaC = 0 



(The values of V' have not been considered in the first equation 
as they are equal and opposite in direction.) With the com- 
ponents of either reaction determined by these equations, the 
line of thrust may be drawn throughout the arch as described in 
Art. 12 for the arch with fixed ends. 

It should be noted that the values of Vi and V 2 may be ob- 
tained from the above equations (or by using 2)ilf = 0 at both 
points A and B) in the following form: 

Fi = I 2F(Z - a) 

72 = Y 2Pa 


( 1 ) 

( 2 ) 



These forces are tluis identical with r • 

of the same span and similarly loaded. " 

The bending moment at any point K (Fig- lan) . 
pressed as follows: ^ ^ 


= ^JC - H^y 


o) — 


ex- 


(3) 


whCTe is the bending moment at the point iT of • •, 
loaded beam. At the crown hinee leffino- M } ^ ^ similarly 

ot the «r,ie.l f„„ee about the pSut “tfw 


or 


M = Me - Hj^c = 




M, 


c 


(4) 


ployed ia ‘he^al°a£sof'te7e-U^^a*°r'^* commonly em- 

ds^" pota^rto rc^ 

For symmetrical arches TJ !»r , a u i 
of thrust need be drawn’ for ont^o 'f the line 

loading is symmetrical about the^cr^^'^? 
of loading, the thrust at the crown h^ ^ 

line of thrust may be determin a u liorizontal and the 

scribed in Art. 26?^ This trid niarmer de- 

applied to a three-hinged symm“S^ ^7' 

LcK”o?r -- 

and shSe* ma* tpmte™tlj™ “‘■'emely simple 
oentmted Eye lo«ls. Por“„ln„.T ““ ‘“ad or con- 

^i(i-span; Formula (4) gives; ^^own-hinge at 

h • 8 0 (5) 

deCmrnrd X 1 

moment at any point (coordinates T^d 


M 
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(For an arch of parabolic form, M = 0, and only axial stress 
occurs throughout the arch for full uniform loading.) With 
only one-half of the span loaded 


Ha-- 


16 


wP 


c 


(7) 


or one-half that due to full loading. The bending moment at 
any point in the loaded half equals 

M = g wx{Zl - 4x) - ~ ^ • 2 / (8) 


and in the unloaded half 

1 7 1 

ilf = g - jg • — • 2/ (9) 

(In Equations (8) and (9), the value of x is measured from that 
end of the arch which is nearer to the point in question.) 


No 2 



A three-hinged arch is commonly analyzed for (1) dead and 
uniform live load over the entire span, (2) for dead and uniform 
live load over the right half of span, and (3) for dead and uniform 
live load over the left half of span. Full loading gives maximum 
stresses for the sections near the hinges, while the half-span load- 
ings give the greatest stresses near the quarter points of the span. 
The usual method of design is to locate the hinges at the proper 
points and to draw the force lines representing the load concen- 
trations. These loads can be determined quite accurately by 
making a complete design of the spandrels prior to the arch 
design and by approximating the weight of the arch ring — the 
arch ring, however, need not be drawn. The lines of thrust for 
the three conditions of loading stated above are then drawn as 
shown in Fig. 161. With the lines of thrust known, it then 
becomes possible to determine the correct thickness of the arch 
at any point and decide upon a suitable arch ring which, of 
course, should not differ appreciably in weight or position from 



use a second ani 


tne arcn ring previously assumed 
be made. 

Influence-line Method.—TihQ method of .. i • 
use of influence lines is explained at length^ST'f’ 
fixed arches. (See also Chapter VIII ) Them , V for 
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A flat lead plate has been used to a limited extent in three- 
hinged arch construction. A plate of this kind cannot be truly 



Courtesy of Mr. Wm. M. Thomas, Consulting Engineer, Los Angeles, Cal. 


Fig. 163. — Thomas Method of arch construction. 





Fig. 164. — Details of stone hinge. 

called a hinge, but does limit the line of thrust to a definite area. 
It should be used only for arches which are to be erected as three- 
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this form of erection be desired, and also eliminates the necessity 
for waterproofing which is a serious problem in the case of a 
solid filled arch. 


Courtesy of Mr. Wm. M. Thomas, Consulting Engineer, Los Angeles, Cal. 

Fig. 166. — ^Thomas Method of arch construction. 


Courtesy of Mr. Wm. M. Thomas, Consulting Engineer, Los Angeles, Cal. 

Fig. 167. — Thomas Method of arch construction. 

The Thomas Method of unit construction is shown in Figs. 
165 to 172 inclusive and the designing details in Fig. 178. The 
Illustrations are self-explanatory. 




60. DetaUs of Design.— Figs 174 to 178 inclusive vivo , 
details of three-hinged arches. ^ ^ypieal 



Courtesy of Mr. Wm. Jk 

Fig. 168 , 

The arch shown 
mud, Raymond co 
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Mr. Wm. M. Thomas, Consulting Engineer, Los Angeles, Cal. 

Fig. 171, Thomas Method of arch construction.. 


Courtesy of Mr. Wm. M. Thomas, Consulting En’^ 
gineer, Los Angeles, Cal. 

Fig. 170. — Thomas Method of arch construction. 
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Side Elevation 
Cast Steel Hinges 
174.— Details of Fourth Street bridge, Paducah, Ky. 
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small amount of vertical motion at these points. A common 
type of centering was used in constructing the arch ribs in place. 
The cast-steel hinges were entirely encased in concrete after the 
centers were struck, a J-in. plate of sheet lead having been placed 
at the center of each hinge to allow the necessary motion of the 



Fig. 176. — Bridge over the Vermillion River at Wakeman, Ohio 


arch rib under live load and temperature stresses. In this way 
all possibility of corrosion of the steel hinges was avoided. 

What is believed will be the longest three-hinged concrete 
arch ever built is shown in Fig. 177. When completed it will 
be one of the show bridges of the United States. 

Fig. 178 gives details of the Thomas Method of arch con- 
struction already referred to in Arts. 58 and 59. 


w».h, : : t:cr‘ 

design of the three-hinged arches of the M the 

Fort Worth, Texas, the following account 

of the 225-ft. arch span shown in Fig 179 

consisted of structural shapes which wor;‘ desirneTrs^ 
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Assumptions as to the dimensions of tlio nrcli rilw o i i 

were then made to determine the dead load from 

of the structure. ^ Potions 

The next step was to draw the lines of thrnQf 1%^ i 
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The general outline and approximate dimenciona of the arch 
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etc., panel points, counting from the haunches. All of these 
stresses were found graphically, and the members proportioned 
for the maximum conditions. The unit stresses used were 12,500 
lb. per square inch in compression, and 16,000 lb. per square 
inch in tension. No stress whatever was assumed to be taken 
by the concrete, as it was unlikely that the concrete near the 
haunches would be sufficiently set to take stress, by the time 
the ribs were finished. 

In the design of the arch ribs, which was next undertaken, 
the stresses caused by the construction of the columns and 
deck were considered as well as those due to live and dead loads 
on the finished structure. The columns were assumed to be 
built out from each pier, panel by panel, until the crown was 
reached; then the deck was assumed to be concreted; panel by 
panel, working from the crown toward the haunches. The stresses 
in the rib were found for each stage of the construction. For 
live-load stresses, five conditions were considered, as follows: 
First, live load on entire span; then each half of span loaded; next 
the two end quarters loaded; and finally the live load on the two 
middle quarters of the span. A maximum unit stress of 500 
lb. per square inch was used in the extreme fiber of the rib, and 
sufficient reinforcement was provided to keep the stress in the 
concrete down to this figure. In case the structural reinforce- 
ment at any point was not sufficient for this purpose, additional 
metal in the shape of bars was provided. The stresses and 
reinforcement required were computed at each panel point, 
and these bars were stopped off when not required. In case 
the computed amount of steel at any point exceeded 5 per cent 
of the gross area of the rib at that point, a redesign was made. 
It will be seen from the above that the structural steel rein- 
forcement takes stress in two ways: (1) that due to the weight 
of the plastic concrete in the ribs and braces, together with their 
forms; and (2) that due to the construction of the columns and 
deck, and to the loads on the finished structure. The first of 
these may be called an initial stress, which remains in the steel 
as the concrete sets. The second must be added to the first to 
get the total compressive stress in the steel. In this case the 
maximum possible compressive unit stress in the structural steel 
would be 12,500 lb., plus 15 X 500 lb., or a total of 20,000 lb. 
per square inch. As a matter of fact, the total unit stress was 
about 16,000 lb. per square inch. 



Transverse forces liad to be given consiclciuble attention, 
because of the fact that the high-water line conies part way up on 
the arch ribs. The pressure due to the water was taken at 200 lb. 
per square foot of each arch rib and column, and that due to wind 
at 30 lb. per square foot of vertical projection of the structure 
between high-water line and a line 10 ft. above the crown of the 
roadway. The braces were placed in vertical planes at the foot 
of each column, and were made as deep as the arch ribs allowed. 
A rigid analysis of the stresses in these braces would be difficult 
and tedious, as well as unnecessarily refined, considering the 
assumptions which had to be made as to the transverse forces. 
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A method of computation was adopted which was comparatively 
simple, and which it is believed gives results reasonably close to 
the true ones. In order to be on the safe side, the braces and their 
reinforcement were made heavier than the calculations required^ 
as this added but little to the cost of the structure. 

Fig. 180 shows the general arrangement of ribs and braces 
and the points at which the transverse forces were assumed to be 
applied. 

The transverse forces on the portion of the structure above the 
arch ribs was assumed to be transferred down the columns to the 
ribs and braces directly under them. None of these forces was 
assumed to be carried to the piers through the deck, because of the 
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expansion joints in the deck at each pier and near the center of 
the span. There is no doubt, however, that a very considerable 
portion of these forces pass directly through the deck to the piers, 
which correspondingly relieves the bracing system. 

While the arch ribs were assumed to be hinged at the haunches 
and crown, rods were provided at these 
points which tended to fix them trans- 
versely. In other words, the arch ribs 
are three-hinged in vertical planes but are 
hingeless, or practically so, transversely. 

Fig. 181 shows half of the bracing 
system developed. The similarity to 
the columns and girders of an office 
building is apparent. 

Fig. 182 shows a portion of Fig. 

181 enlarged with the various forces 
acting on it, and the points of inflection 
indicated. 

From the three conditions of equilibrium — namely: (1) the 
sum of the horizontal forces must equal zero, (2) the sum of the 
vertical forces must equal zero, and (3) the sum of the moments 
about any point must equal zero — and knowing the external 



F'l = Total Shear 



forces Fi and F2 and all dimensions, the thrusts, shears, and 
bending moments in the various members are readily calculated. 

For example, the horizontal force F\ is the total of the trans- 
verse forces acting on the structure above the plane X — X 
where the forces E\ are shown. F2 is the total transverse force 
acting on one panel of the structure, and F3 is the total shear at 
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Fig. 184 shows the remaining portion of half of Fig. 182. 
The same equations apply here. 


or 


or 


or 





Fz = Fi F 2 

373 + (72 - 7i) = 473 

72 - 7i = 73 

Fibi + ^ F362 = SV za + 473a 


73 


F \hi “i~ Fzhz 
20a 


a") 


( 2 ") 


(3") 


The maximum bending moment in the upper portion of the 
3 3 

outer rib is ^Fi 6 i, in the lower portion ^^ 362 , in the upper 

7 . 7 

portion of the inner rib ^Fibi, and on the lower portion -^Fzjb^- 

The maximum bending moment in the outer brace is 373a, and 
in the inner brace 473 a. 

The hinge castings were designed in much the same manner as a 
cast column base. The area in contact with the concrete was 
determined by dividing the total load by 800 lb. per square inch. 
The diameter of the ball-and-socket joint was determined by 
dividing the total load by 20,000 lb. per square inch, which gave 
the projected area of the ball. 

The shears and moments on the ribs were then computed, and 
their thickness and that of the base determined. 

In the design of the piers, several stages in the construction of 
the spans were considered, as well as the conditions existing in 
the finished structure. 

For example, with the pier finished up to the roadway, the 
arch ribs and braces of one span (the longer) were considered 
as finished, but nothing was done on the adjoining span. Next 
the full dead load, exclusive of paving but including forms, was 
considered on the long span, and only the ribs and braces of the 
adjoining span finished. Then the finished structure was con- 
sidered, first with live load on the long span only, and second 
with live load on both spans. In each case the resultant force 



was kept within the middle third of th(‘ \)tm\ "FIk^ uplift of 
the water was considered in each case, the stage being taken as 
the top of the levee. 

No impact was considered in the design of the piers. 

Pier No. 2 was supported on timber piles driven into a mixture 
of sand and gravel overlying bed rock. This method was used 
instead of founding the pier on bed rock in order to reduce 
the cost, the amount of the appropriation being limited. The 
piles were not driven to rock in order to take advantage of the 
bearing of the pier base on the stratum of gravel, and also to take 
advantage of the friction to help resist sliding. The pier was 
protected against scour by sheet piling and rip-rap. 

Piles were assumed to take 20,000 lb. each and the remainder 
of the load was assumed to be carried by bearing on the soil at 
about 5000 lb. per square foot. 



CHAPTER XII 


PATENTS 

The number of patents that have been granted by the United 
States Government for improvements in reinforced-concrete 
construction has increased from a yearly average of three or four 
between the years 1890 and 1900 to about 150 per year at the 
present time — that is, not considering patents on concrete mixers, 
fence posts, and other minor structures. Undoubtedly some 
of these patents are worthless, impractical, and possibly invalid, 
but others unquestionably are of considerable importance. 
The mere granting of a patent does not establish its validity 
under the United States patent law, and many of these patents 
may be invalidated by litigation. In spite of this fact, however, 
the engineer has no right to consider any patent invalid unless 
he has positive proof to that effect. 

62. Patents in General. — The Constitution of the United 
States contains the following clause: 

^^The Congress shall have power to promote the progress of science 
and useful arts, by securing for a limited time for authors and inventors 
the exclusive right to their respective writings and discoveries.” 

Under this provision of the Constitution, Federal statutes have 
been passed authorizing the issue of a patent to the original 
inventor of any new and useful improvement and granting to 
him the exclusive right to make, to sell, or to use the patented 
improvement for a period of 17 years after date of issue of 
the patent. The patent is, in effect, an agreement between the 
United States Government and the inventor of a new and useful 
improvement, whereby the Government grants to the inventor 
the right to exclude others from making, using, or selling his 



invention for 17 years from the date of issue of the patent, 
in return for complete publicity of tlie invention. Under this 
agreement the inventor's reward is valuable or worthless as the 
invention proves valuable or worthless to others. If the inven- 
tion is one desired by the general public, the exclusion of others 
may enable the patentee to reap a rich rcnvard ; or if the inven- 
tion is worthless, the reward will be equally valueless. 

By means of patents, publicity for new ideas is encouraged; 
for the owner of a valid patent is secure for 17 years, 
after that the subject of the patent becomes public property. 
It is for this reason that the patent consists of drawings and 
specifications to make a complete disclosure of tlie invention, 
so that anyone skilled in that particular industry may reproduce 
it. In addition to the drawings and specifications tlu're are what 
are called claims. These claims define the actual limits to the 
patentee's rights to exclude others. Without adequate protec- 
tion, there would be a tendency to suppress public information 
regarding new inventions, the inventor relying upon secrecy 
instead to gain his reward. The patent actually withdraws 
nothing from the public, but merely withholds for a limited time 
what otherwise might have been kept secret and perhaps lost 
forever. It must add to the sum of human knowhulge, for in 
so far as it does not do that, it is to that extent invalid. All that 
is necessary to establish invalidity is to prove that nothing has 
been added to the sum of human knowkalge by the patent. 
If it is plainly apparent to an engineer tluit a patent is invalid, 
the engineer should be able to so convince the court. 

Patents pertaining to reinforced concrete may be divided 
into two classes: (1) those that apply to improvements in manu- 
factured details, such as reinforcements, and which have been 
described in Art. 18 of Volume I and in (diapter V of Volume 
II; and (2) those which may more properly be (‘alkul (mgineering 
patents and which relate to improvements in the structure 
itself as, for example, the location of reirifoiaamu'nt, or the 
processes of erection. Patents on manufactunal d(‘ta.ils develop 
a field for the sale of special types of reinforcement, ilio royalty 
being included in an enhanced selling price. In otheu* words, 
this class of patents is used to promote the business of the manu- 
facturer rather than that of the engineer. The second class above 
mentioned is used more often by the engineer as a support for 
specialization in engineering, and the royalty is ordinarily 
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the patent drawings and include more', than is (•ovcrc'd l)y the 
claims cited. The reason for this is due to tlic lact that a claim 
is for an improvement while the patent drawings must show how 
to construct a complete working structure.) 





Claim 3. — The combination with abutments, and a concrete arch spanning the space be- 
tween the abutments, of a series of metal bars in pairs, one bar of each pair above the other 
bar, near the extrados and intrados of the arch, each bar of a pair being independent of the 
other, and one bar of each pair extending well into the abutment, substantially as described. 


Fig. 185. — Thacher patent. 


A somewhat similar reinforcement is shown in the patent to 
Arnold, No. 749,771, issued, Jan. 19, 1904, on an application 
filed Sept. 13, 1902. The bars are arranged in pairs, but bonded 



Claim 2.-— In a bridge, an arch of concrete or other masonry, having embedded therein 
ribs, arranged one above but separated from each other and by the masonry and composed 
or railroad rails or other iron, said ribs being bonded together by metallic straps wound 
around them and at intervals of the length, thereof, substantially as described. 

Fig. 186. — Arnold patent. 


together by metallic straps as indicated in Fig. 186, thus differing 
from the Thacher patent in which the bars are claimed as inde- 
pendent of one another. 

Another modification of the Thacher patent is shown in Melber, 



No. 660,518, issued Oct. 23, 1900, on an application filed 
August 24, 1899, in which shear members cross diagonally from 
one reinforcing member to another (Fig. 187). 

The Parmley patent. No. 696,838, issued April 1, 1902, on an 








Claim 1. — In cement or other concrete construction metal reinforcing bars, unattached at 
their ends to other metal reinforcing bars, embedded therein transverse to the calculated 
shearing strains. 

Fig. 187. — Melber patent. 


application filed June 4, 1901, differs from the Thacher patent in 
having the bars near intrados and extrados alternating with one 
another instead of being arranged in pairs (Fig. 188). 

A materially different form of arch reinforcement is shown in 
the patent to Luten, No. 1,009,676, Nov. 21, 1911; application 


>c 



Fig. 188. — Parmley patent. 


filed April 29, 1901. This patent shows the arch reinforced 
with but a single series of reinforcing members (Fig. 189) instead 
of the double row of the Thacher, Arnold, Melber, and Parmley 
patents. A modification of this device is shown in another patent 
to Luten, No. 818,386, April 17, 1906; application filed May 17, 


1902. In this patent the points of crossing the arch ring for 
various rods of the single series have been displaced laterally 
along the arch ring, so that the arch is reinforced on both sides 
through a short region where there is doubt as to whether the 



Claim 2. — In an arched structure of concrete the combination with a curvotl or arched 
member and abutments to support the same, of a series of tension members embedded in 
said curved or arched member, and passing close to the interior face of the abutments. 

Fig. 189. — ^Luten patent. 

bending moments will be positive or negative (Fig. 190). The 
reason for placing the reinforcement in this way is based on the 
theory that tension will occur at alternately opposite regions of 
an arch in limited regions only, and that steel is located in those 
regions and extends continuously from one to the other for 



Claim 7. An arch having embedded therein rods, bars, or other tension members in 
two or more series following one face of the arch rib, thence across and following the other 
lace or the nb, the points of crossing for the different series being angularly or laterally dis- 
placed with respect to each other, substantially as described. 

Fig. 190. — ^Luteix patent. 

convenience in placing. A similar object may be accomplished 
with non-continuous rods as shown in patent to Luten No. 
852,971, May 7, 1907; application filed June 30, 1906. (See Fig. 
191.) The difficulty of placing thisform of reinforcement probably 
offsets the saving in metal. 
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The Cummings patent, No. 978,361, mued Dec. 13 1910 
on an apphcateon filed June i,, 1909, elates entir’ely to 




™ opp^aa anpS heavy 

Fig. 191. — Gluten patent. 



bars arranged near the upper aTd lower longitudinal reinforcement 

members arranged close Wther aild afl part? “1 open metal sheet or mesh 
substantially normal to th6 neutral equilibrium eu?v^ ^^^^stantially a single plane 

from top to bottom and side to side tln^eof ^ girder and extending 

sectional area thereof, whereby said reinfornp^i^?^ ® ^ substantial portion of the cross- 

throughout the width of the arch or elrdlr 3 vertical tension stresses 

bedding said longitudinal and tran^vcme reinforccm™™ IS =«''^l°Pins and em- 

Fig. 192. — Cummings patent. 


transverse reinforcement in the arch ring or arch rib. 
claim is given in Fig. 192. 
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of round rods. However, tlicre is no reason why any'of 
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with elimination of possible settlement cracks. The old method 
was to remove the centers from beneath an arch before the span- 
drels, fill, and railings were added, the arch thus assuming its 
settlement stresses before their addition; but the erection of 
spandrels or fill after centers are removed is dangerous unless the 
arch ring is made excessively heavy. The process of the Luten 



Claim 9. — An arch or bridge having the bed of stream paved with concrete with tension 
members embedded transverse to the course of the stream. 

Fig. 194. — Luten patent. 


patent referred to covers the building of the arch and fart of the 
spandrel hefore striking centers, and the addition of the coping 
and railings after striking centers. The addition of the lower 
part of the spandrel walls before striking centers permits the 
addition of the earth fill supported by these walls and this applies 



Claim 4. — A falsework centering containing compound compression members for support- 
ing a load and each composed of a plurality of pieces having major and minor dimensions 
transverse to their lengths, the major dimension of one piece being arranged transversely to 
the major dimension of another piece, and a withdrawable connection to unite the pieces of 
each compression member. 

Fig. 195. — ^Luteii patent. 

to the arch its normal loading at the time the centers are struck. 
The part spandrel serves to stiffen the arch and render it secure, 
making possible the use of a light arch ring, yet with elimination 
of settlement cracks. One of the broader claims (claim 14) is as 
follows: 

“That improvement in the art of building an arch or girder comprising 
erecting the arch or girder together with part of the spandrel or super- 



structure on centers, then lowering the centers and sul)se(iuontly adding 
coping or railing.” 



Claim. — A centering or temporary falsework for masonry, or concreti* arc'hos comprising 
a three-point pinned arch composed of two sections supported solely at their lower ends and 
connected together at their upper ends at the center plane of the ar<'h by a single pin through 
which stresses are transmitted from one section to the other, suppofts at th(‘ lower ends of 
the two sections each connected to the corresponding section by a single pin. 

Fig. 196. — Watson patent. 

An improved form of centering is disclosed in Luton patent 
No. 1,106,880, Aug. 11, 1914; application filed Nov. 1, 1906. 
The uprights consist of compound T'-coluiuns fastened together 
with wires (Fig. 195) and consisting usually of 2 in. by O-in. or 



Fig. 197. — Aylett Patent. 


2 in. by 8-in. timbers. No wedges or sand boxes are used for 
striking centers, but by clipping the wires, the compound columns 
are resolved into their simple elements, which buckle, lowering 
the center, and the arch thus gradually assumes its load. 



A three-pin type of centering is shown in the patent to Watson, 
No. 1,071,118, issued Aug. 26, 1913, on an application filed 



Jan. 27, 1911. One of the objects of the invention is to provide 
a centering which can be used repeatedly, which has a minimum 
deflection when the load is applied, and which is well adapted 


for construction of arcli In-idges where obstruction to traffi 
under the bridge must be avoided. (See Fig. 19 G.) 

A suspended system of arch construction is described in th 
Aylett patent No. 965,358, July 26, 1910; application filed Oct. 26 
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No. 915,316, Mar. 16, 1909; application filed Jan. 30, 1908. 
(See Fig. 198.) 

The Strauss and Collins patent No. 762,361, issued June 14, 
1904, on an application filed Jan. 25, 1904, describes a special 
type of arch bridge, as indicated in Fig. 199. 

64. Patent Litigation. — There has been much activity in 
litigation of arch patents. Of the suits won, many have been 
concluded by consent decrees, but none have thoroughly con- 
tested the validity of the patents. Many of the pending suits 
are being hotly contested at the present time and will undoubt- 
edly result in decrees that will definitely determine the validity 
of some of the patents. A single favorable opinion in a thor- 
oughly contested case will go a long way to fix the standing of 
the patents before the public. An unfavorable opinion on the 
other hand will not be conclusive, because it will determine the 
validity of only a few claims, and the Luten patents alone con- 
tain hundreds of claims. Any one suit might invalidate a pos- 
sible half-dozen of these claims but would not be conclusive as 
to the patents themselves or the other claims that were not 
involved. Hence no early conclusion of litigation under these 
various patents can be expected. 

Since a patent is a Federal grant, litigation for violation of 
the patent itself must always be in the Federal court. Prop- 
erty rights in patents and contracts under patents may come 
within the jurisdiction of the State courts, but infringement of a 
patent is a matter for correction exclusively in the Federal court. 
A patent is infringed by anyone who makes, sells, or uses any 
device that includes all of the elements named in any one claim 
of the patent. If any element of the claim be absent from the 
device the patent is not infringed. But the presence of more 
elements than called for by the claim does not avoid infringe- 
ment. The drawings and specifications have very little to do 
with the question of infringement, being principally useful to 
the court in determining any ambiguity that may arise as to 
the claim. In the Thacher patent illustrated in Fig. 185 the 
reinforcement is shown consisting of deformed bars, but the 
claims are not thus limited. Hence smooth rods or bars or their 
equivalent would infringe the patent if arranged as claimed. 

The remedy for infringement may be a suit at law before a 
jury to collect damages, or it may be a suit in equity before a 
judge for an injunction which, if granted, carries with it an ac- 


counting for damages and profits. Nearly all infringement suits 
are consequently suits in equity, having the injunction against 
future infringement as their primary object. An injunction to 
prevent infringement may be granted either before or after there 
has been infringement, a past infringement ])eing construed by 
the court as a threat to infringe again. If one claim of a valid 
patent is shown to be infringed, the court will grant an injunc- 
tion forever restraining the future infringement of that patent. 
The suit may be against any party violating the patent. Thus 
the builder and the purchaser are both liable and neither can 
relieve the other. The designer may also be held liable under 
certain conditions, even though he has not actually made, used, 
or sold the infringing structure itself. The courts have held 
that there may be contributory infringement by one who assists 
others to make, sell, or use patented devices, as in the case of an 
engineer designing and supervising an infringing structure. 

There are many possible defenses to a suit for infringement, 
but none of them are ordinarily of much practical value, except 
the proof that the patent was not granted to the original inventor 
in this country. The most convincing test of the validity of a 
patent is: Did it add anything to the sum of human knowledge? 
If it did, it is to just that extent valid. One or more claims of a 
patent may be found invalid and the remaining claims of the 
patent still remain valid. And the patent itself is not void until 
all of its claims have been proved invalid. 

Suits for infringements are begun in district courts of the 
United States. From this court there may be an appeal to the 
Circuit Court of Appeals of the Circuit, and its decision is final. 
There are nine Federal Circuits in the United States and nine 
courts of appeal, and the decision of one of these courts is not 
binding upon any other, although it is persuasive. In case of 
conflicting decisions a remedy may be had in the Supreme Court 
of the United States, but this is possible only in case such court 
consents to a hearing. Consequently a patent may be valid in 
one district and invalid in another, and adverse decisions are 
necessary in nine district courts to completely invalidate it 
throughout the United States. Usually one or two thoroughly 
contested decisions are considered conclusive. 

The damages that may be secured in a suit for infringement 
are usually measured by the customary royalty charged for the 
use of the patent. In case the infringement was done knowingly 



and wilfully, treble damages may be awarded at the pleasure of 
the court. But even so the cost of litigation usually far exceeds 
the damages secured and the primary object of a suit for in- 
fringement must be the injunction to stop further infringement. 
Under the old rules of Federal court procedure the cost of a 
patent suit not infrequently ran into tens of thousands of dollars. 
The total cost of the suit that established the validity of the 
Cameron Septic Tank patent is said to have exceeded $50,000, 
and the Warren Bitulithic Paving patent, $60,000. But on 
Feb. 1, 1913, the new rules of Federal court procedure went into 
effect and infringement suits may now be tried in open court 
with but little delay, so that lower court decisions may now be 
had in 1 or 2 years, where formerly 5 years was not unusual, and 
Mr. Edison is said to have contested one suit through 30 years 
of litigation. 




C?I AFTER XIII 


TYPICAL DESIGNS OF THE VARIOUS TYPES OF ARCH 
BRIDGES 

The bridges illustrated in this chapter have been selected as 
representative of the various types of arch bridges built in this 
country, and much can be gained, the writer believes, by a careful 
study of the details shown. In fact, it is thought that the 
practical designing of concrete arch bridges can be taught in no 
other way than by requiring a well-directed study of a repre- 
sentative collection of typical detailed designs, such as those 
shown, in addition to the usual problems of analysis. The 
construction views included should prove instructive. 

The construction in detail of the Yardley bridge (Plates IV, 
V, and VI) may be found in Chapter XXXL The Third Street 
bridge at Logansport, Ind. (Plate VII) is a bridge of Luten 
Design — a patented type of bridge referred to in Chapters X and 
XII. The lattice girders set across the arch ring in the Atherton 
Avenue bridge (Fig. 207 and Plate IX) should be especially 
noted as they are somewhat unusual, being employed to provide 
positive spacing and locking together of the arch reinforcement. 
The analysis of the Carondelet Park bridge (Plates XII, XIII, 
and XIV) and also of the Main Street viaduct (Plates XL and 
XLI) may be found in Arts. 47 and 61 respectively. The Latah 
Creek bridge (Figs. 232 and 233) was included to show one method 
of providing rigidity and at the same time reducing the number 
of ribs showing on the arch soffit — this being done by connect- 
ing each outer rib with the adjacent inner one by a thin slab at 
the intrados. The highway bridge at Danville, Va. (Plate 
XXXVIII) shows a type of bridge with the arch ribs extending 
up to the roadway and the reinforcement so placed that the 
greater part of rib may be considered as effective arch depth. 
The Benson Street bridge at Lockland, Ohio (Plate XXXIX), 
is a through arch bridge with the horizontal component of the 
arch thrust taken by steel rods extending between the skewbacks 
and fastened to the steel in the ribs. 



standard 40-ft. arch. State of Missouri Highway Department. 
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Ir. T. E. Rustt Chief Engineer, W. C. F. & N. Ry. 

Fig. 200. Elk Run bridge across Cedar River, Waterloo, Cedar Falls & Northern Ry. Co, 
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Courtesy of Mr. William Hunter, late Chief Engineer, P. &, R. Ry. Co. 

Fig. 202. — Yardley bridge, Philadelphia & Reading Ry. Ca. 
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ng Engineer, Indianapolis. 

Fig. 203. Third Street bridge, Logansport, Ind. 




Third Street bridge, Logansport, Ind. 
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Courtesy of Mr. N. S. Sprague, Superintendent, DepH. of Public Works, Pittsburgh. 

Fig. 205. — Roadway of Atherton Avenue bridge over P. R. R., City of Pittsburgh. 
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Courtesy of Mr, N . S. Sprayuc, Supor intendeiit, Dep't. of Public Works, Pittsburgh. 

Fig. 207. — Construction view — Atherton Avenue bridge, Pittsburgli 
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Atherton Avenne bridge, Pittsburgh. 
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PLATE IX 
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Courtesy of Engineering and Contracting. 

Fig. 208 . — Third Avenue bridge over Cedar River, Cedar Rapids, Iowa. 



Courtesy of Engineering and Contracting. 

Fig. 209. — Refuge bay of Third Avenue bridge, Cedar Rapids, lowa^ 
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PLATE XI 
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Fig. 213. — Abutments of Carondelet Park bridge, St. Louis. 



Carondelet Park bridge, St. Louis. 
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Fig. 214.— Ashokan Eeservoir Spillway bridge. 
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Pig. 215.-Falsework for Ashokau Reservoir Spillway bridge. 



Ashokan Reservoir Spillway bridge. 
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Ashokan Reservoir Spillway bridge. 
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. 216.^ — Chippewa River bridge, Eau Claire, Wis. 
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Courtesy of Sandusky Fortland Cement Co. 



Chippewa River bridge, Eau Claire, Wis. 
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Half Section B-B ; 

Chippewa River bridge, Eau Claire. Wis. 
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Half Sectional PlanA-A and Half Foundation Plan showing Piles 
C!luj)|)(^\vn, Riv(n’ Ejiu Chiirc, Wis. 
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Fig. 218 . Ludlow Avenue viaduct, Cincinnati, Ohio. 
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PLATE XXIII 











Courtesy of Mr. E. C. L. Wayner, CiDil hnguivcr, Kunsas City. 

Fig, 219. — Stimson Creek bridge, Fulton, AIo. 


Courtesy of Mr. E. C.L. Magncr, Civil Enyimrr, Kamuir, City. 

Fig. 220. Construction- view of vStini.sun Creek bridgci, Fulton, Mo. 







Courtesy of Mr. N. S. Sprague, Superintendent, DepH. of Public Works, Pittsburgh. 

Fig. 221. — Larimer Avenue bridge, Pittsburgh, Pa. 
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Courtesy of En{jineeri?ig and Contracting. 

Yig. 224. — Construction view of west jiporoiLcii, Larimer Avenue bridge, 

Pittsburgh. 


Courtesy of Engineering and Contraeling. 

Pig. 225. — Porins fur flour sysboo over him in areli, bji riiiuu* Avenue bridge, 

Pit ts))iirgli. 


Courtesy of Engineering and Contraeling. 

L^’ig. 226.— "View of tniv(‘l(‘r forsusixmding n <»rking scMllolds lor biislihanmici 
work, Larimer .Vveuiie l)ri(ig(‘, Pittsburgh. 
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Caurlcsy of Coturete- Cement Age. 

Fig. 229.— Bridge over the Arroyo Soco, Pasadena, Cal. 




Courtesy of Mr. Charles A. Byers, Los Anyelcs, Cal. 

Fig. 230 .— General view of ])rklji;e oviM* th(i Arroyo S(‘c(), Pasadena, Cal. 


Courtesy of Mr. Charles xi. Byers, Los xinyeles, fhil. 

Fig. 231. — Refuge hay on bridge over i]i(‘ Arroyo Seeo, Pasadena, Cal. 
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Courtesy of Mr, Morioti Macartney , City Engine&p^ Syohctm 



233. Construction view of Latah Creek bridge, Spokane, Wash. 
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Courtesy of Mr. Wilbur J. Watso7i, Consulting Engineer, Cleveland. 

Fig. 234. — Higliway bridge at Danville, Va. 


Coiirtctii/ of Mr. Wilbur J. WuLhuu, Consulting Engineer, Cleveland. 

Fk;. 2‘3r). — General view of highway bridge at Danville, Va. 
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Highway bridge at Danville, Va. 
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Courtesy of ^ssoc, of American Portia, ic'. Cement Mfgrs, 





Courtesy of Mr. E. A. Cast, Deputy County Surveyor, Hamilton County ^ Ohio. 

Fig. 237. — Construction view, Benson Street bridge over Mill Creek at Lockland, Ohio. 
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Courtesy of Mr. S. W. Boieen, St. Louis. 

Fig. 240. — PifU' (iasliiiig; of (HMitor rih, Main Street viaduct, Fort Worth, 
4\‘xn,K. Casting ready to be concreted in. 
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Main Street viaduct, Fort Worth, Texas. 







PART II 

SLAB AND GIRDER BRIDGES 

Since the methods of designing slabs, beams, and girders have 
been explained at length in Volumes I and II, no attempt 
will be made in the following chapters to treat of these meth- 
ods in detail. Many things must be considered, however, in 
designing bridges of this class, aside from the proportioning of 
simple and continuous beams, and such matters will be given 
due consideration. 

The erection of forms and other operations in slab-and-girder 
bridge construction are essentially the same for ordinary condi- 
tions as the corresponding operations in the construction of 
buildings. On this account, constructional methods will be re- 
ferred to only incidentally imder this heading. 

The loadings to use in design are, of course, the same as for 
the floors in arch bridges of open-spandrel construction (see 
Art. 7). In fact, it should be noted that the framed structure 
which is supported ])y a ribbed arch is virtually a trestle form of 
girder bridge and the loadings and general design are identical. 

Impact may properly l)e neglected in arch-ring analysis but 
becomes important in bridge-floor design. An increase of 25 
per cent is usually madc^ in the live load or live-load stresses for 
highway biidges and 50 pen' (eent in those for railroad bridges. 

From the standpoint of (>conomy, slab bridges should in 
general be limitenl in span length to about 25 ft., and ordinary- 
girder bridges to about 50 ft. 



CHAPTER XIV 
sLab bridges 

66. Slabs Under Concentrated Loading. — Recent tests made 
on simply-supported slabs at the University of Illinois and at the 
United States Office of Public Roads gave results in sufficient 
agreement to permit of simple rules being formulated for estimat- 
ing the effective width of slabs supporting concentrated loads. 
In one series of tests, J-in. plain round rods were used and the 
loads were applied centrally over a bearing area 6 in. in diameter. 
In another series somewhat similar loads were applied at the 
one-third points of the span. In a discussion of the tests above 
mentioned before the American Society for Testing Materials, 
June, 1913, Mr. W. A. Slater, first as- 
sistant of the Engineering Experiment 
Station, University of Illinois, recom- 
mended that where the total width of 
slab is greater than twice the span, the 
effective width e (Fig. 242) be assumed 
as 

4 , 7 

e = -^x + a 

where x is the distance from the concentrated load to the nearest 
support and d is the width at right angles to the span over which 
the load is applied. Mr. Slater pointed out that the tests so far 
made showed the effective width to be but little influenced by 
the depth of the slab or by the percentage of longitudinal rein- 
forcement. He stated, however, that he would limit the latter 
to 1 per cent, ^'because of the possibility that in a beam with a 
large amount of longitudinal reinforcement and a relatively small 
depth, failure may be caused by transverse tension in the con- 
crete and not by longitudinal steel stress.’^ 

Tests were made on beams having various percentages of trans- 
verse reinforcement, but results did not show conclusively that such 
reinforcement is economical when used for the purpose of resist- 
ing transverse bending stress. Additional tests are needed to 
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determine what increase may be made in the effeetive width for 
different percentages of transverse steel. At least a small amount 
should be used in every case for the purpose of distributing def- 
ormation due to variations in temperature. 

The formula given above for finding effective width shows that 
this width is very nearly a constant proportion of the span; and 
consequently it follows that the depth of slab required to support 
a given concentrated load is approximately the same for all spans. 
Of course, the depth referred to here is only that necessary to 
support the live load. Considering both dead and live load, 
an increase in span length would obviously cause considerable 
increase in depth or in percentage of reinforcement. 

The above dismission refers to a total width of slab greater 
than twice the span. For a slab whose total width is less than 



0 O.E 0.4 0.6 0.8 l.,0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 J-O J.2 

Ratio of Total Width to Span 
Fi(i. 24:5. 

this, the offoctivo width may 1)0 found from Fig. 243 which shows 
the ratio of tlu^ (dT(‘(div(^ width of the span as determined from the 
measurcHl stend str(‘ss(‘s in the University of Illinois tests. 

Mr. C. li. Young, Assisi.ant Professor of Structural Engineer- 
ing in tlu^ UnivcTsity of Toronto, in an article in Engineering 
Neivs, issiK^ of July :5(), U)14, calls attention to the fact that the 
loads caustul by wlnuds or rolhu’S on highway bridges are applied 
over consid('rably (donga, tcul aivas. In view of the tests referred 
to above, lu'. pr(‘s('nt,s a, ])ra(d,i(*.al nud.hodof estimating the effective 
width of slabs sui)poid.ing the type of concentrated loads found in 
practice. Tlie following is taken from the article mentioned: 

‘‘Let a coneeiitnibMl load, Ix^aring on an area of length c and width d, 
be annlied in anv nosition to a slab having a total width h not 



less than twice the span length I, as shown in Fig. 244. If any small 
element of this load, as mn, distant x from the nearer support, be con- 
sidered, it is directly evident from the experimental investigations cited 
above, that such part of it as is delivered to the nearer support may be 
regarded as wholly transferred to that support within lines drawn 
through the end points of the element making angles d with the direc- 
tion of the span of the slab, the tangent of which angle is between 0.67 
and 0.80. For brevity, the angle between these two bounding lines, 
that is 2d, may be called the effective angle. The reaction at the near 
support may thus be regarded as uniformly distributed over a width of 
r = 2x tan d + d, or if tan 6 be assumed as 0.67, a conservative value in 
the light of experimental results, this width becomes 1.33a; + d. 

Although there is no direct experimental evidence that the effective 
angle to the farther support is the same as to the nearer, careful con- 



sideration of the matter leads to the conclusion that it is. If the farther 
support were moved in so that the clement of load, 'nm, became central, 
the effective angles to the two supports would be equal. There would 
then be applied to the shifted support, along a length that may be called 
the effective reaction-width of the reduced span, a uniformly-distributed 
reaction which, when the first support was replaced in its original posi- 
tion, would become a concentrated load on the original span. The 
virtual load would be delivered to the support nearest to it, but farthest 
from the original eccentric element of load ?/m within the same effective 
angle as would apply to the nearer support in any case. It thus appears 
that the effective angles from any element of loading to the two supports 
are equal. 

^'When the selected element of loading is not at the center of the 
span and the reactions at the two supi)orts are thus not distril)utcd 
over the same effective widths, the question arises as to what should be 
the effective width of the slab for the ctilculation of rc'sisting moment. 
It is probable that the average of the two reaction-widths would be the 
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correct width to assuine for this purpose, and iu the aljseiice of direct 
experiinexital evidence on the matter, this cissuniptioii is recoininended. 

''Considering as a whole the concentiated load shown in Fig. 244 it 
follows that the part of it delivered to either support may be regarded 
as wholly transferred to that support wnthin lines drawm through the 
remotest corners of the loaded area and making angles with the direction 
of the span of the slab equal to e, one-half of the effective angle. If / 
be the distance of that edge of the loaded area nearest a support, from 
the support, the effective reaction width, ri, for the nearer support 
would be 

Ti = 2(c 4- /) tan 6 + d 
and for the farther support it would be, 

r 2 = 2{l — f) tan d d 

As in the case of an element of loading, the effective width of the slab 
for the computation of moment of resistance may be taken as the 
average of the reaction widths ri and r 2 . 

Where the concentrated load is a moving one, the critical position 
will be at the center of the span. The effective reaction-widths are then 
equal to each other and the effective width of the slab for the computa- 
tion of moment of resistance is equal to either. 

“Since loads arising from wheels or rollers are often applied over 
considerably elongated areas, the orientation of the load on the span is 
an important consideration. For such loads, the distance d is always 
small — in theory only the width of a line — but the distance c may, for 
rollers, be as much as 48 in,,, and is commonly from 12 to 20 in. 

"The two extreme arrangements of the load, indicated in Fig. 245, 
will be compared. In Fig. 245(a), the axis of the machine or vehicle 
is at right angles to the direction of the span of the slab, while in Fig. 
245(5), it is parallel to this direction. For the usual system of floor 
construction in a bridge, with the slabs supported on longitudinal 
stringers, the axis of the machine for the case shown in Fig. 245(a) 
would be parallel to the axis of the bridge and for the case indicated in 
Fig. 245(5), transverse to it. The latter is a contingency that must be 
considered in wide bridges. When the load is placed as shown in Fig. 
245(a), it follows from what has already been said that the effective 
width of the slab Ci is given by the expression 

Cl = (I -h c) tan e + d 

and when the arrangement is that of Fig. 245(5), the effective wddth is 
Ci = (Z "b d) tan d c 

Since c is ordinarily very much treater than d i« crr^fifpr fho-n 



and the location and orientation of a wheel load most seriously stress- 
ing a slab is as shown in Fig. 245(a) and 7iot as shown in Fig. 245(6). 

^Tor bearing areas differing in shape from those shown in Figs. 244 
and 245, equivalent rectangles may be substituted. 

“When the length h of the slab is less than twice the span length I, 
it becomes necessary to make some reduction in the effective width. 
The writer would suggest that until further experimental evidence is 
available the values of tan 6 in any calculation of effective widths be 
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assumed substantially in accordance with those given ])y Mr. Slater’s 
graph, or as follows: 
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Although no experimental investigation of the relative distributing 
effects of various types of slab reinforcement has been made, it is probable 
that a form involving diagonal strands or rods is most efficient. IMaxi- 
mum stiffness along lines radiating from the load within the effective 



Fig, 246. — Standard design for slab bridges of 12 ft. span, Wisconsin 
Highway Commission. 


angle and the provision of a large number of strands directly under the 
load would thus be secured. Upon these considerations the delivery of 
the load to the supports over a considerable effective width largely 
depends. 




“ The effect of a gravel cushion or other wearing surface in distributing 
concentrated loads over bridge floors has not been considered, as this is a 
matter not entering into the present discussion. Having found the area 
of the slab to which the load is applied by this surfacing, the problem is 
of precisely the same kind as arises when loads are applied directly to 



Courtesy of Mr. M. W. Torkelsori, Bridge Engineer, Wisconsin Highway Commission. 

Fig. 247. — Christiana bridge over Brewery Creek, Town of Cross Plains, 
Dane County, Wis. 

the slab. The only difference is that the bearing area of the concentrated 
load is increased with the use of a wearing surface and consequently the 
effective width of the slab also becomes greater.’’ 

66. Slab Bridges of Single Span. — The floor of a slab bridge 
may be designed as any simply-supported slab except that shear- 



Courtesy of Mr. M. W. Torkelson, Bridge Engineer, Wisconsin Highway Comm,isston. 

Fig. 248. — Construction view of Christiana bridge, Town of Cross Plains, 
Dane County, Wis. 

ing stresses may require very careful attention where the live 
load is relatively large, as in railroad structures. The whole 
reinforcing system may be made absolutely rigid by wiring the 
main reinforcing rods to the transverse reinforcement, em- 
ploying extra transverse spacing rods at the ends of the bent-up 
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steel. Both the straight longitudinal rods and those bent up to 
provide for diagonal tension should be hooked at the ends. 

Practice varies in regard to the use of expansion joints between 
the slab floor and the abutments. There are none provided in 
Figs. 246, 249, and 250, but such joints are placed at both 
abutments in Fig. 251. In the latter figure, vertical end ex- 
pansion joints are provided at the angle points between abutment 
wings and slab, making it necessaiy to cantilever the outer por- 



Fig. 249. — Details of Christiana bridge, Town of Cross Plains, Dane 

County, Wis. 


tions of the slab width on account of insufficient abutment 
support. 

In Figs. 246, 249, and 250 the main wall or vertical slab of the 
abutment is supported at the top by the floor and at the bottom by 
the footing, and may be figured for earth pressui-e as a simple 
slab with the main steel near the outer or stream face. Of 
course, the main wall should also be designed to act as a column 
to support the superstructure. Since a joint of low friction is 
not provided between floor and abutments, the unit tensile 
stress in the steel of the superstructure is usually kept low (12,000 



lb. per square inch) so as to provide properly for the additional 
tension in the steel caused by the contraction of the bridge in 
cold weather. The wings may be designed as self-supporting 
retaining walls of the cantilever type, using the methods ex- 
plained in Part I of Volume II. Theoretically* the maximum 
efficiency of the footing for the wing walls can be obtained by 
placing the wing wall at about the outer middle-third point of 
the base, but in many cases considerable saving in excavation 



Section of 
Abotment 




Elevation Cross Section 

Fig. 250. — Typical slab bridge, Illinois Highway Commission. Abut- 
ment wings of the cantilever type. Main wall vertical slab supported at 
top by superstructure and at base by footing. 


may make it more desirable to shift the footing a little toward 
the stream bed. Counterforted walls are advisable only for 
abutments over 20 ft. in height. 

Figs. 251 and 252 show an unusual abutment design adopted by 
the engineers of the Iowa Highway Commission for both slab 
and girder bridges. Expansion joints being provided at each end 
of the superstructure, both the main portion and the wings were 
designed as self-supporting retaining walls. The main portion, 
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251. — Typical slab superstructure, Iowa Highw^ay Commission. 






however, was not only analyzed in the ortlinary manner for 
pressure on the base, but was also analyzed taking into account 
the stability due to the weight of the wings. The mean value of 
the maximum pressure at the toe of the foundation by the two 
methods being found safe, and an analysis for sliding and over- 
turning being satisfactory, the dimensions shown were adopted. 



The horizontal rods designated as tension bars were inserted in 
order to utilize the weight above mentioned. These rods are 
placed in the main stem near the upper surface and extend 
continuously through the wings, with splices at the center of 
the main portion. The effect of considering the wings as a 
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part of the abutment body is to shift the center of gravity of 
the entire mass farther from the stream face and thus reduce 
the eccentricity of pressure on the foundation. The horizontal 
reinforcing rods shown near the stream face of the abutment, 
and which are carried about 5 ft. into the wings, w^ere employed 




of TracK 

Fig. 253. — Details of substructure, standard concrete pile trestle, Illinois 

Central R. R. 


to counteract a tendency to the formation of vertical cracks on 
the outside at the corner of wing and abutment. The vertical 
rods in the front face serve as a framework upon which to build 
the horizontal rods and they also prevent any tendency tow^ard 
the formation of horizontal cracks in the stream face due to the 
clogging of an expansion joint. 



67, Slab Bridges of Multiple Spans. — Slab bridges of multiple 
spans will be treated under the four following headings : 
Concrete pile trestles. 

Pier trestles. 

Trestles with framed bents. 

Cantilever flat-slab construction. 

Concrete Pile Trestles, — Figs. 253 to 256 inclusive give the 
essential details of design of the pile trestles built by the Illinois 



Fig. 254.--Standard slab for clear spans of 16 ft. Illinois Central It. 11 . 


Central Railroad. They can be considered typical of concrete 
pile trestles in general. These trestles replace similar wooden 
structures over swamps and shallow streams which maj^ not be 
filled and where bridges on more permanent supports would be 
extremely expensive because of their great length. The con- 
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striiction consists of pile bents spaced generally from 16 to 20 
ft. c. to c., and with a height above ground not greater than 
the span. The piles are capped with reinforeed-eoncrete girders 
which support the floor slabs. 



Courtesy of Mr. Maro Johnson, Engineer of Bridges and Buildings, I. C. R. R 

Fig. 255. — Construction view of concrete pile trestle on Illinois Central 
R. R. near Obion, Tenn. Concrete bents ready for slabs. 





Courtesy of Mr. Maro Johnson, Engineer of Bridges and Buildings, I, C. it. R. 


Fig. 256. — Typical bent of concrete pile trestle on Rlinois Central R. R. 
near Obion, Tenn. 


The piles and deck slabs are usually cast in a convenient yard, 
allowed to season from 60 to 90 days, and are then hauled to the 
bridge site. The lifting stirrups shown permit of the slabs being 



set in place by a wrecking crane Tlio i n . 

laid directly on the slabs after th; londtS:?.''^ 

joints (except at anchor bents) are filled with I'^'ansverse 

mortar and 


\_Mucf Line II 
r 48 

E/evai-ion 


■ .^1 


/// ^ 4 '”$^^ > 1 ^.. llfl 

Dram s-J/a T "■■jSI 




Cross SecTion 
concrete poured 
f'^er pre-cast sJabs Ex 

/>? D/acff 




,, ^oper Jo/rTf" -/ron ' 

fri ’ .F .' H-° /^d- -/"'" 

‘J, rpi-a d:-;;. '^KVi 


i^piy 

Expansion Joint 
Qt Railing 






w 



[^!\ 


Vjl,;- -vi’fS 

w. 




I I bent ^ >^'^''^nt bondip 

— ^ P ^°ncrete tn post 

Section -mroujb Grout surface '^ence Post 

Typed Bent .-^Pefore ptacin^ 4 "^^^ Etate 

,PoperUo/nt iS^^^e»tT^-^-/OP/7 -J frk-/ 


E^epansion Joint nptv.-i^ ^ 

at Raiiing End of Bryge Expansion Joint 

Fir 9r7 rx (Sent Cap 5 o) R’oadvKoy 

:2“ “• ““ «-. 
“ « o»XT“ r. “f, “e .a. 

P • An anchor bent is 


SLAB BRIDGES 


6(6 


used at suitable intervals to take up longitudinal stresses due to 
tractive force and, by means of an expansion joint, to prevent 
any great accumulation of movement of the deck due to tem- 
perature changes. 



Courtesy of Raymond Concrete Pile Co. 

Fig. 258. — Construction view of pile trestle across the ]Miles River near 

Easton, Md. 
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Fig. 259. — Pier details, Illinois Central R. R. trestle over Ivaskaskia River 
near New Athens, 111. 


A concrete pile trestle for carrying a highway is shown in 
Figs. 257 and 258.^ It was found economical to cast the piles, 
deck slabs, and railing slabs at Baltimore, GO miles away, and 
transport them to the site on scows. Expansion joints were 

^ See also Engineering News, issue of Feb. 5, 1914. 




located in the roadway slabs, curb, and railing slabs at every 
fifth bent. 


Courtesy of Mr. Maro J ohnsorit Engineer of Bridges and Buildings, I. C. R. R. 

Fig. 260 . — Solid bencliwall type of concrete trestle on Illinois Central R. R. 
near New Athens, 111. 


Courtesy of Mr. Maro Johnson, Engineer of Bridges and Buildings, I. C. R. R. 

Fig. 261 . — Roadbed of trestle shown in Fig. 260 . 

Pier Trestles . — Thin concrete piers arc preferable to pile bents 
when the height of bridge above the ground line is greater than 
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Fig. 262. — Details of Mozart Street subwaj’’, Bloomingdale Road track ele- 
vation, Chicago, Milwaukee & St. Paul Railway. 



Couriesv of Mr. Maro Johnson. Enaineer of Bridoes and Buildinas. I. C. R. R. 
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about 16 ft. Figs. 259, 260, and 261 show a typical trestle of the 
solid bench-wall type built by the Illinois Central Railroad. 

Trestles with Framed Senis.— Slab bridges with framed bents 
forming subways are used on at least fifteen railroads in this 
country. A design which may be considered typical is shown 
in Fig. 262. The deck slabs may either be cast in place or cast 
at some central yard and placed in a similar manner to the slabs 
for pile or pier trestles. In Fig. 262 the design is shown for 
slabs to be cast in place. A general view of a typical Illinois 
Central subway is shown in Fig. 263. 

A framed-bent trestle with continuous side girders to resist 
stresses due to traction is shown in Figs. 264 and 265. The 
girder on one side acts simply as a tie and parapet, while the 



Courtesy of Mr. Maro Johnson, Engineer of Bridges and Buildings, I. C. R. R. 

Fig. 265. — Trestle approacli to Cumberland River bridge, minois Central 
R. R. Side girders continuous. 


other with a cantilever projection at the side acts also as a 
sidewalk. The slabs were cast in a yard at some distance from 
the bridge site, loaded on flat cars, taken to the job^ and swung 
into place with derricks. Expansion is allowed for at both ends 
by providing a sliding joint between the bridge superstructure 
and the abutments. The shallow 4-in. curbs at the ends of 
the slabs were provided to prevent seepage from getting into the 
1-in. grout joint between slabs. The pier footings are reinforced 
longitudinally in top and bottom, and were figured as con- 
tinuous T-beams uniformly loaded by the pressure on the soil. 
The cross girders at the top of the columns support the deck 
slabs previously referred to, and are made continuous. 

Cantilever Flat-slab Construction. — Fig. 266 is a flat-slab struc- 
ture of the Turner Mushroom type. The methods which may 
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be used in the design of the roadway slab are treated in Volume 
IL The hollow abutments should be noted. 

A cantilever fiat-slab bridge in which the abutments are of 
the ordinary reinforced-concrete type is shown in Fig. 267. The 



Courtesy of Mr. A. M. WolfjPrin. AssL Eng*r.f Condron Co., Chicago. 

Fig. 267. — Lafayette St. bridgej St. Paul, Minn. 


abutment walls are considered as held at the top by the super- 
structure to which they are anchored by bending the vertical 
rods into the slab. 


CHAPTER XV 


SIMPLE GIRDER BRIDGES 

68. Beck Girders. — The deck-girder type of construction usu- 
ally proves more economical than the through-girder type where- 
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Fig. 268. Standard details of concrete deck girder bridges, Iowa Flighway 

Commission. 


ever sufficient head-room is available. The girders, of course, 
should be relatively thin and deep for the greatest economy, and 
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Section A-A Steel Plate 



Fig. 269. — Details of Embarrass River bridge, Cumberland Co., HI. 



a curtain wall should be provided between the girders at each end 
of span to retain the earth fill, thereby avoiding complicated 
parapet walls on the abutments. 

Standard details of deck-girder bridges designed by the 
engineers of the Iowa Highway Commission are shown in Fig. 



Courtesy of Engineering and Contracting. 

Fig. 270. — Embarrass River bridge, Cumboiiand Co., 111. 


268. The floor slab was analyzed both as fixed and as continu- 
ous, and was designed to resist maximum stresses caused by either 
method of analysis. The method of fastening the girder steel 
to anchor rods should be noted. Expansion joints are provided 



Courtesy of Engineering and Contracting. 

Fig. 271. — Rear view of abutment- and wing walls, Einliarrass River bridge, 

Cumberland Co., 111. 

under the girder stems by means of sliding steel plates anchored 
into the body of both superstructure and substructure. 

Tigs. 269, 270, and 271 illustrate the type of deck-girder bridge 
adopted as standard by the Illinois Highway Commission. The 


SIMPLE GIRDER BRIDGES 


383 


following description of the methods employed in providing for 
expansion in girder bridges is given in the fourth report of the 
Commission: 

''Two methods of providing for expansion in girder bridges have been 
used and both have proved satisfactory. In one method, the wing walls 
of one abutment are entirely separated from the abutment wall proper, 
the latter being free to move at the top with the expansion or contraction 
of the superstructure. The wing walls are designed to be self-support- 
ing. As girder spans designed by the commission have so far been 
limited to 60 ft., the amount of movement either way from the normal is 



Fig. 272. — Type of abutment used for girder bridges by the Illinois High- 
way Commission. Wings of cantilever type. Main wall supported by 
wings as counterforts. 


small and is taken up by deflection of the main wall or a sHght rocking of 
the wall on the footing. Earth pressure against the 'wall is of little 
importance in this connection as it but tends to reduce the tension in the 
girder steel during expansion and to cause the abutment wall to follow 
the superstructure during contraction. It does not increase the stress 
in the compression area of the girder as the load is applied at the bottom 
of the girder, tending by this eccentricity of application to reverse the 
dead- and live-load stresses in the girder. 

"This method has been found to be entirely successful, but is some- 
what objectionable as a slight movement of the wings due to earth 
pressure and unequal settlement sometimes causes the wing Avails to 
move forward slightly at the top, making a someAvhat unsightly offset 
between the wing and abutment walls. This has never been more than 
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2 or 3 in. for the highest walls, but as it is not understood by the 
ordinary observer, an impression of weakness is sometimes caused. 

'^The present method of providing for expansion is to design the 
abutments and wings in the ordinary way, separating the superstructure 
completely from one of the abutments by a thick paper joint and sup- 
porting each girder at the free end on a single cast-iron rocker of large 
diameter. The reaction is transmitted to the girder and abutment from 
the rocker through planed structural-steel plates stiffened with I-beams 
when necessary. The rocker surfaces in contact with the bearing plates 
are turned to insure perfect bearing on the plates. The diameter of 
the rocker is made proportional to the load imposed per linear inch, in 
the same manner as is commonly used in proportioning roller nests for 



Courtesy of Brenneke & Fay, Consulting Engineers, St. Louis, Mo. 

Fig. 274. — North Samuels Avenue viaduct, Fort Worth, Texas. 


steel bridges. The upper and lower plates are bedded in the concrete of 
the superstructure and abutment. The rocker is located in a pocket 
built in the abutment. This pocket is filled vhth a soft asphalt to pre- 
vent the entrance of water or dirt and to protect the metal from 
corrosion. 

^‘The rocker method of providing for expansion has proved very 
satisfactory and is but little more expensive than the other method, 
especially when it is considered that the wings may be tied to the main 
wall when rockers are used and advantage taken of the mutual support 
thus obtained.” 

Fig. 272 shows a type of abutment adopted by the Illinois 
Highway Commission in cases where the girders are supported 
on cast-iron rockers and the wings are nearly parallel to the 
roadway or make an angle of more than 45° with the face of 
the abutment. The wing walls are considered to act as counter- 


forts and the reinforcing steel in the main wall is horizontal and 
placed near the stream face of the wall. 

Fig. 273 gives the details of a girder bridge, the main portion 
^f the abutments and the wings of which were designed and 



^lan of Reinforcement In Footing 

Fig. 275— Details of south abutment, North Samuels Avenue viaduct, 
Fort Worth, Texas. 


figured in the same 
and 250. 


manner as the slab bridges of Figs. 246, 249, 


_ In the structure shown in Figs. 274 to 278 inclusive, cross 
girders and stringers were provided in addition to the longitudinal 
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Fig. 276. — Details of typical piers, North Samuels Avenue viaduct, 
Fort Worth, Texas. 
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illiis! rilri iuli liillg Im !«* :|Sm| 4*-1 lllir!4S*-r |»l**■v<=al4«^ It 

will Hiiflit’t* t«i that thr- lni- i\|ir' 

rjirrflilly Ir'^igiifrl ani uni’-t i ur'ft-1 ar*- gi'Miig ^ri! a^lartiiin, 

nii<i «hi!>’ Iiiip' siil! hgijf MiriirfnrrH 

itiirahlr, 

71. Detail?? cif 'Design. ilrr -ay:* r-if a.rt-if. -.uil !|i,r> pirr^ 

IIH* liMUllh' liailr IliMiiuhfhir, lh*- fa*’*'? as.M ! *4' *ili|iiiri^> 

fivrly Miiai! rr*r-'^^.'-a'r! if yUijH ll s ! -* ? 1 f-l Hi** 

|ii*’rr UKiV hi-ruffa^ Hi !u«l< ,, lUaft^ 

ri4uiiifr- la a ^HufahU p.r* j . 1^,1 M., -an'-M ,|in- ?«| 

Itiiililig ill tli<’ rsMiiiiiir*, Mil"* 1 a r ; t a m . m-. . ? . 4 * ■ . » * j a l a 1 ! \ 

Ilf firr liMfjf” h<- * 'm? 1 rh'-' H * ' 1 r. ** -• .rM,*- ?.i iian ! a- 

t'lfhimn- III friHIn^irr * i- yi. ? \|\ *.i \.r*ari* II in 

lulrr H* |»ri'\iii1 an u ; a r -i., ^ >a 4,-r a, 

liilli alii » \y,ai 1 . a’ ^ -n-a- i ^ a a :ivf 

r\iiy- m mJ ? :-V‘a- |f y . ^ :,,a ,u,|^,, • , rir' 

!ir.’ liL. H. t.. . a- u. 11 .. . • a , ■ i ..r layli 

I |M 1 1»- . I |jf^ » *4atjai- --In ^'11 I ■< a’ . 1 a ' .■ a ^ ,4 ' a a * II 
lalii'alK’ ill fl:"’ -ata* isi.'-aa-M .v- an''- vm- 'I ! 'H^afaiai 

vf.'t'l. 

In railaril .-r \i.. i i-' ■■ m ; * m , m m-.-.ji 

af lip* laiiia! U'iia.ii .-H ’a^ .«■:-•,*„■! ./■ . , li^ 4 

far liil* iiiaMiHUia h* aliag a* 1 - ■ ; ^ m a » a 4 '.r liiig 

*r*l 
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f..r a M.u,.b >u,., I I., .-UMl .is-f..,„l,s ..f (1... ,.,i,.for,... 

•" Pl--— 1 ir. tl... <o,, nf (h.. j,. , 'S 

nv.T .su„pu,fs u, pruvi.i.. f.H- ,1... ,uMiu„ <|..v.l,l.'r 

I.. nrw nt uhaf ha. saM i„ Art.(i;.„r \ ulu,u,. II tl.is „h-| I.,) I 

rt‘i|iiiri- ^.1 |*rri-,‘iif. tmH'vstwi ihmi if fin* minims \ • i 

I . . aiMiv. ItiaclK-f, li,,\vcvcr. H <iiiiti> 

prp , I, „f ^ ; ; 

■■il'.'i' y;:.;,.. tl,,., . „,„l I,, 

f „r », 

u.mi.l rati.v th.< lua.l a. .iinpK Im-hiiis 

In In.m hri.ip.. an i. ..s.uUlv |k.„v,h.,. 

t s.nHT.fn.H.u.. and th- ulM„.n-n,s fur Ih,. r..n,sun Mud if J 
'• =‘ ‘•■•••‘v.v , uf ..arU, a,ain.., i,. i. n’Kidlv , " 

...-H.-d wdh ..unnnhur uf ..unM,n.nns sparrs. 

tniHinn l.'nd tu a. i in .i.i- tiun unly fhat i... uwav fruni Mu- 
nhufin.-id Mm- .-arth p, !.a,-K ,.f .dudnu-nt not allnwing 
m..y.-nu.n u. M... ..pp...,,.. du.-.-tinn. Sn.-h ,, .-un.litiun would 

lm.i In ddlu nlu... af ..f M,,. t.ndK,-. or uv.-r Mu- oxpan- 

wun PUT. iM x, tu ih.. ahuinu nt., and Mu- aluiinu-nlH and pi.-rs 
won i nl... 1... ..-v. r..|v uv.-r-.. r.-.H.-d du,- fu Mu- .-on.inuouH nuivo'- 

ui.UdIv du.. !u .■untra-.iuM. Mu- .-arfl, aKuins. i. hv r.-aso,, ufMu- 
.-•a.> u.uviny lua.lt. u..uld f.l! ,h„ «,„all Hpa,-,- h-f, hv Mu- uou- 
Ira.hv.- nM,v..,u..n., and lUu-n .-xpandun aiptin luuk ,.la.-.. Mu- 
•n 'Ulnu nf d )..■ hy M„. .,arlh ho Mud .-nun nouu 

. luij-dd l'i. .l..\i-l.ip<i|. 

Tvm- ^'f'****!^ the Continuous Cdrder 

>pt. A taflui Moipl- hiKhuay Ir.-u!.-. appli.-ahh- (u ,-uni- 

l*.Oa.|V.lv ln« . ,,UK .hu„„ i„ - 3 ,; luUgi. udi.Ull 

d«‘n... an rxpandon joint o,-^ 

‘"*" 7 ,*"" ?'*' ln''''nu..lial.- pi.-rn ar.- nuul.- 

n.-.n.-iiMu.' «uh Mm- .lour hy iiu-an. uf iu.Ih frun. Mu- .-ulunm.H 

n.-,-au..- of Mu- ind.-l.-rininatr 
“<•- -inu-lun-. a.ul unknown 
, all nM.!uh.T, alf.-..|,.d vu-n- d.-siyiu-d holh 
•" iii.pu(i,.,i. Tin- ,-IahM w.-n- 

- a . , ..Iiinnn.u , Hill, ,-,ji,;d p.. diu- an.l n<-y;div(- td.-.-I 

■ l•-'•^'dudlnal !,,-a,n wa . .l.-siyiu-tl a,s a 

^ Ht. 11,1- 
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A low trestle or viaduct iype of const ru(*t ion is shown in Figs, 
287 and 288. The slal)-l)eani-and-gird(‘r spans w(a*e selected 
since arches, it was thought, would not appear to advantage 



CourtvHy of Mr. Frufik L, lidHch 'm, Divit^ion EnuiiU't i\ l}u i: iuu oj tSh'uti un :i, ( 'irwinnati, 0. 

tic. 287. CJilbert Ayciuh* via(lu(‘f, (‘incinnaf i, Ohio. Note expiin.sion 
joint iH‘ar (!(‘nt(‘r of illustration. 


for sucli low construction, d'ho (*ost of th(‘ ginh^r tvp(^ was 
also found to be nuu^li hiss t han for a s(‘ri(‘s of ar(*}i(‘s, due; prin- 
cipally to decrease in the dead weight of tlu‘ slriicture and 








